ON THE DERIVATION OF A STOKES-BRINKMAN PROBLEM FROM STOKES
EQUATIONS AROUND A RANDOM ARRAY OF MOVING SPHERES

KLEBER CARRAPATOSO & MATTHIEU HILLAIRET

ABSTRACT. We consider the Stokes system in R?, deprived of N spheres of radius 1/N, completed by constant
boundary conditions on the spheres. We assume that the centers of the spheres and the boundary conditions are
given randomly and we compute the asymptotic behavior of solutions when the parameter N diverges. Under
the assumption that the distribution of spheres/centers is chaotic, we prove convergence in mean to the solution
of a Stokes-Brinkman problem.

CONTENTS
(L. Introduction 1
[2. Properties of the sequence of configurations| 6
[3.  Properties of the mapping Uy for fixed V| 10
[4. Main estimate for non-concentrated configurations| 15
5. Proof of the main resultl 26
[Appendix A. Construction of w; 29
[Appendix B. Analysis of the cell problem| 35
[Appendix C. Analysis of some constants| 38
[Referenced 41

1. INTRODUCTION

This paper is a contribution to a rigorous justification of mesoscopic models for the motion of a cloud of solid
particles in a viscous fluid. As explained in [7], the modeling of particle suspensions can borrow to different areas
of partial differential equations. If the cloud contains few particles, the behavior of particles can be modeled by
a finite dimensional system and the coupling with the fluid equations yields a fluid/solid problem similar to the
ones studied in [B] 6], 1T}, 23] for example. If the number of particle increases, a description of the particle phase
via its individuals seems irrelevant. Depending on the volume fraction of the particle phase it is then necessary
to turn to a kinetic/fluid description (as in [2] or [3]) or a multiphase description (see [12]).

In the case of a kinetic/fluid description, a system — that we can find in references — is the following
Vlasov—Navier-Stokes system:

Of +v-Vuf +6m divy[(u—v)f] = 0,
(Ou+u-Vyu) = Awu—pr—Gw/ flu—v) dv,
R3
divyu = 0.

Here we introduce f : (t,2,v) € [0,00) x R® x R3 — [0, 00) the particle distribution function which counts the
proportion of particles at time ¢ which are in position € R? and have velocity v € R?. This unknown encodes
the cloud behavior. We emphasize that v is a parameter of f, hence the notations with indices to express
with respect to which variable we differentiate. The two other unknowns (u,p) represent respectively the fluid
velocity-field and pressure. One recognizes in the two last equations Navier-Stokes like equations. For simplicity,
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we do not include physical parameters such as the fluid density and viscosity. A particular feature of this model
is the supplementary term

(1.1) 67 (u—w) dv,
R3

that appears on the right-hand side of the momentum equation. It is supposed to model the exchange of
momentum between the solid phase and the fluid. It can be justified with the following formal reasoning. Assume
that the cloud is made of N identical spheres of radius 1/N. If the particles are sufficiently spaced, they interact
with the fluid as if they where alone: at its own scale, the particle ¢ moves with its velocity v; in a viscous fluid
whose velocity at infinity is u(h;). Stokes’ law entails that fluid viscosity is responsible of the drag force:

_ o

F; N

(v —u(hy)).
This term corresponds to the forcing term in the Vlasov equation and the corresponding term (|1.1)) in the
Navier-Stokes system is obtained by assuming that the particle forces can be superposed.

We are interested here in a rigorous approach to the above formal reasoning. This supposes to start from the
fluid/solid problem, where the particle dynamics equations are solved individually, and let the number of particles
diverges with their radius and density given by a suitable scaling. This question mixes large particle system
problems (justification of the Vlasov equations starting from a system of ODEs) with fluid homogenization issues
(computing a macroscopic equation for the fluid unknowns). The full problem seeming still out of reach now,
we focus here on the fluid homogenization part. Namely, one assumes that the particle behavior is given and
wants to compute the new term in the fluid equation which takes into account the influence of the particles.
Since this term is due to fluid viscosity, we restrict to the Stokes system (i.e. the system obtained by neglecting
the full time derivative on the left hand side of the momentum fluid equation). Then, the problem reduces to
homogenizing the Stokes problem in a perforated domain with non-zero boundary conditions (mimicking the
particle translation). This particular homogenization problem has been the subject of recent publications (see
[8, [14], 16, [19]). Therein, the limit Stokes system including the Brinkman term is obtained under specific
dilution assumption of the particle phase. One further step toward tackling the time-dependent problem is then
to discuss whether the set of favorable configurations — i.e. such that the Brinkman term appears in the
limit — is sufficiently large. To this end, we propose here to derive the Stokes-Brinkman problem via a Liouville
approach in the spirit of [20]. More precisely, we first pick at random N identical spherical particles/obstacles
of radius 1/N, each of them being characterized by its center of mass and its velocity, under the constraint
that particles do not intersect each other. We assume that the cloud of particles lies within a bounded open
subset Qg of R3. We then consider a fluid occupying the whole space R? deprived of these particles and satisfying
a stationary Stokes equation with Dirichlet boundary condition at the boundary of each particle given by its
velocity. Our aim is to rigorously derive the Stokes-Brinkman equation as an effective equation of the above
problem in the limit N — oo.

Let us describe the problem in details. To begin with, fix N € N* arbitrary large and consider the experiment
of dropping randomly N spheres of radius 1/N in the whole space R®. Since the radius of the spheres is very
small in comparison with their number (note that the volume fraction occupied by the spheres is typically of size
1/N?), we adapt a model that is classical for large point-particle systems. We denote

2
ON = {((XN V), (XN V) € R RV st XN - XN > < Vi)

N
This represents the set of admissible configurations for the centers of mass XV = (X ... X¥) and velocities
VN = (V¥ ..., V). In what follows, we also denote Z; = (X;,V;) the state variable for the particle i and
keep bold symbols for N-component entities. For instance, we denote Z¥ = (X, V}¥),..., (XY, V¥)) € OV a
configuration.

The configuration of particles Z"¥ will be chosen at random under some law F~ € P(OY), where we denote by
P(E) the space of probability measures on E. We assume that this probability measure is absolutely continuous
w.r.t. the Lebesgue measure and also denote by FV its density. Moreover, since the particles are indistinguishable,
we shall assume that Z% is an exchangeable random variable, which means that its law F'V is symmetric, that
is, for any permutation o € Gy there holds

FN(ZY, .. Z3) = FN(ZNy, . Z0 ), V2N e OV,
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Given a configuration ZV = (XN, V/M),..., (XY, VY)) € ON we introduce the perforated domain:

N
FN=R*\|JBN., where BN =B(X)Y, %) Vi=1,....N,
i=1

and consider the following Stokes problem:

o

—Au+Vp = .
(1.2) { divi - 0 in FN,
with boundary conditions
u(z) = VN ondBN fori=1,...,N,
(1.3) lim |u(z)] = O.

|z] =00

We obtain a stationary exterior problem in 3 dimensions. Such systems are extensively studied in [I0], Section V]
where it is proven for instance that there exists a unique solution (u,p) to (1.2))-(1.3). We may then construct:

w(z), ifzeFN
u[ZN](x) = ( ]3 . N .
vy, iftzeB) fori=1,...,N.
The above reference on the exterior problem entails that u[ZN] € H'(R3) (where we denote H'(R?) the closure
of C2°(R?) for the L?>-norm of the gradient). Therefore, we construct the mapping
Uy: O — H'(R?
(1.4) N (R
ZN o w[ZV]

as a random variable on OV endowed with the probability measure FV.

At first in [8], it is shown that, for a given sequence Z~ satisfying some conditions and with prescribed
asymptotic behavior when N — oo, the associated solution to ([1.2)-(1.3) converge to a solution to the Stokes-
Brinkman problem:

—Au+Vp+6rpu = 67j . o3
(1.5) { divi = 0 in R?,
with vanishing condition at infinity
(1.6) lim |a(x)| = 0.

|z|—o00

In this system the flux j and density p are related to the asymptotic behavior of the ZV. In this paper, we
compute the flux j and density p depending on the asymptotic behavior of the law F'V in order that the
expectation of Uy converge in a suitable sense to the same Stokes-Brinkman problem. As we recall in the
beginning of Section |4} this system is well-posed for positive p € L?/?(R?) and j € L%/%(R3).

1.1. Main result. Our main result requires some conditions on the sequence of symmetric probability measures
(FN)nen- on ON. We introduce, for an integer m < N, the m-marginal distributions of FN by

FN(z) = / 1, 0)con FN (z,2')d2’ Yz e O™,
R6(N—m)

Here we observe that such marginals are constructed by remarking that, if we split an N —particle distribution
by giving the m first particle state z and the remaining (N — m) particle state z' we must require that z € O™
in order that (z,z') € O be possible. We apply here again with small letters the convention that z; € RS splits
into z; = (x;,v;) and that bold symbols encode vectors of unknowns z, v or z.

We are now able to state our main assumptions. Let (Z")yen- be a sequence of exchangeable OV -valued
random variables, and let (F™V) ey« be the sequence of their associated laws, that is, symmetric probability
measures on OV,

Assumption Al. We assume that (F)yey- are distribution functions, that is belong to L'(O%), and satisfy
the following properties:

(0) Supp(FN) C (Q0 x R*)Y for some bounded open £y C R? and any N € N*.
(1) There exists a constant C7 > 1 such that for any N € N* and 1 <m < N

IEN | Lo r(omy == sup / 1,com F (z)dv < (C)™.
XGRBm RS’NL
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(2) There exists kg > 5 and a constant Co > 0 such that
Sup | z1|*e N llL1r1(R8xR3) = Sup / |21k FN (21) d2zy < O,
Ne NeN* Jraxrs
(3) There exists a constant C3 > 0 such that

sup, V1| F5¥ || oo 12 (02) = sup bup/ 102y 20y [01|Fy (21, 22) dordwg < Cs.
RG

eN* 1,22

In this set of assumptions, (2) corresponds to the classical assumption that the law has a sufficient number of
bounded moments; (1) would be satisfied in particular by tensorized laws; (0) is reminiscent of the fact that the
cloud occupies the bounded region 2y and (3) shall enable to control the interactions between close particles
through the flow.

Given a sequence (ZY)yen- of exchangeable random variables on OV, we define the associated empirical
measure by

N
1
(1.7) pNZN] = D gy,
=1

as well as the empirical density and the empirical flux respectively by
1N
(1.8) pN[ZN] = pN XN : Zéxw, PVEN) = D Vil o

The first formula defines a standard probability measure while the second one is a vectorial measure on R3.

We now state our assumptions concerning the asymptotic behavior of the sequence of configurations.

Assumption A2. Under Assumption [A1] m we suppose that there is a probability measure f on R3? x R? with
support on Qg x R? such that, defining the probability measure p(dzx) ng f(dz, dv) and the vectorial measure
= [gs vf(dz,dv) (both with support on Qq), we have:

(i) lim E[W1(p"[Z"], p)] = 0;
N—oo
(i) Jim E[I7NZY] - jlcor @y | = 0.

Remark 1. Given the random variable ZV with law FV, we can consider the random variable X~ on O :=
{(XN, .. XY) e R3Y | | XN - XJN| > 2 Vi # j} which has a symmetric law RY € P(OL), given by
RN(dxY) = [pan FN(dxY,dv"). Point (i) in Assumption is equivalent to the fact that the sequence
(RN) yen- is p-chaotic (roughly speaking that RY is asymptoticly i.i.d. with law p, see Definition thanks to
e.g. [13].

Remark 2. We will be interested in conditions on the sequence (FV)yen- in order to ensure the convergences

of Assumption In particular we will show in Lemma that if the sequence (F'V)yen- is f-chaotic (see
Definition then it satisfies Assumption (But clearly this is not a necessary condition.)

With these notations, our main theorem reads:

Theorem 1.1. Let f € LY(R?® x R®) be a probability measure having support in Qy x R and define p(x) =
Jgs f(x,v) dv and j(x) = [ps vf(x,v) dv. Assume that p € L3(€) and] € L6/5(Qo) so that there exists a unique

solution (u,p) € HI(R?’) x L?(R3) to the Stokes-Brinkman problem ([L.5] associated to p and j. Consider a
sequence of exchangeable random variables (ZV)yen- on OV and their associated symmetric laws (FN)nens

satisfying Assumption[Ad]
Then, given o € (2/3,1) and for N large enough, the map Uy given by (1.4]) satisfies:

5 N : 3 —e1 (o
(L9)  E[IUNZY] —ullsy, m0)] S E WiV 2], 0)] ™ +E [V 12Y] = llicpn oy |+ N7,

11— (30472))
65 7 2 :

where e1(a) = min( =2

As a consequence, if (FN)nen- satisfies moreover Assumption (i)- (i), then

- N
Jim E {HUN[Z - u”LfQQ(]W)} =0.
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A key-point in the result of this theorem is that the right-hand side of (1.9) depends on powers of
E [W1(pN[ZN], p)] and E {”jN[ZN} _j”[CS’l(R?’)]*]’ and on a residual power of N (depending only on the
parameter «). We claim that this structure is universal but the explicit values of our exponents need not be

optimal in all contexts, furthermore it is also possible to obtain a LP version of estimate (1.9) with different
exponents, under the condition that W?2P embeds into some Hélder space.

A further result of our study (see Section [3)), is that, with the assumptions of Theorem E[Ux[Z"]] defines
a bounded sequence in H'(R?). Theorem then implies that this sequence converges (at least weakly in
H'(R?)) to the solution to the Stokes-Brinkmann problem with the corresponding flux j and density p. This
consequence is yet another hint that the Stokes-Brinkman problem — is indeed the right macroscopic
model to compute the behavior of a viscous fluid in presence of a cloud of moving particles under the asymptotic
convergences of Assumption

To show one application of the previous theorem, we shall construct an explicit example of probability
measure on OV satisfying the assumptions of Theorem and for which we obtain a quantitative estimate of

the convergence ((1.9).

Corollary 1.2. Let f € L'(R3 x R3) be a probability measure satisfying the hypotheses of Theorem and such
that the associated density p € L () and fQOXR3 |v[k f(dz) for some k > 5. Then we can construct a sequence
of symmetric probability measures (FN)yen- on OV satisfying Assumptions and and for which there
holds

E [|UN[Z] = ullgg, )] S N7TH 4+ N @),

1.2. Overview of the proof. The proof of Theorem [I.1] faces several difficulties. First, for fixed N, we must
identify a sufficiently large set of data Z” for which the solution Ux[Z"] to the Stokes problem in the punctured
domain is close to the solution to the Stokes-Brinkman problem. In comparison with [§], a key-difficulty is
to have a quantified estimate at-hand. A second difficulty is that, since the velocities ViN that we impose
on the particles are arbitrary, the solution to the Stokes problem may diverge in H 1(R3) when two particles
become close. It is then necessary to obtain a bound on the solution to the Stokes problem associated with these
configurations in order to ensure that they won’t perturb the computation of the limit in mean.

Having in mind these two important difficulties, we propose an approach that is divided into five steps that
we explain in more details below:

e As a first step, we prove in Section some estimates associated to the convergence of the sequence of
configurations (the random variables (Z")y and their laws (F'V)y) with respect to the expected limit
(the marginals p and j of the distribution f).

e We then identify some “concentrated configurations” and prove that they are negligible in the asymptotic
limit N — co. These configurations correspond to ZV € OV such that there exists a couple of particles

too close to each other or that there exist too many particles in a same cell of small volume. This is
done in Section 2.2

e Furthermore, we compute uniform estimates satisfied by the map Un[Z"]. We obtain simultaneously
that:
— the mean of Uy[Z"] is well-defined and uniformly bounded in H'(R?);
— the weight of contribution of the concentrated configurations vanishes when N — oo.
This enables to get rid of concentrated configurations in the asymptotic description of Uy. This step is
treated in Section

e In a further step, developed in Section [d] we prove a mean-field result for non-concentrated configurations
which is the cornerstone of our proof. We combine here the duality method of [I9] with covering
arguments of [14]. In comparison with these previous references, we consider in this paper an unbounded
container. So, these arguments need to be adapted carefully.

e Finally, in the last step presented in Section [5] we gather previous estimates together in order to obtain
Theorem Furthermore, we construct a particular example of sequence of probability measures
(FN)n in order to obtain Corollary
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project ANR-13-BS01-0003-01.
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2. PROPERTIES OF THE SEQUENCE OF CONFIGURATIONS

In this section we gather some properties of the sequence of configurations (Z")yen- on OV under the
sequence of associated laws (FN)yen- satisfying Assumptions We recall that

2
(2.1) oV = {zN € ®xR)V||Xi— X, >+ Vi ;éj},

where hereafter we shall use the Assumption (O) saying that Supp(F™) C Qg x R? for some bounded open
set Qo C R3, and where we denote
ZN = (Z1,...,Zn) € (R® x R}V,
XN =(Xy,..., Xy) e RN VN = (V... Vy) e R?V,
Z; = (X4, Vi) € R® x R3.
We shall denote by O the projection of the space of configurations O onto the X~ -variables, more precisely
oY i={(X1,.... Xn) € RN [ |X; - X > % vi # 3},
in such a way that O ~ O x R3V,
In the first part of this section, we focus on the convergence of the family of measures (p™[Z"])yen- and
(iV[ZY]) nven- seen as random variables. As mentioned in the introduction, we metrize the convergence of

measures on R? by two different topologies: either we see (by restriction) vectorial measures as bounded linear
forms on Holder spaces:

C,?’G(R?’) =L e CR*NL®R?, s.t. SupL_fgy)| <00y,
] |-qj - y|
or we use the (Monge-Kantorovich-)Wasserstein Wi-distance on probability measures. Hereafter, the 1-
Wasserstein distance Wi (f, g), with f and g probability measures on R? x R3, is defined by

2 Wileh= [ peslnes)= sw [ 0 (0) - @),
w€ll(g,f) (R xR3)2 [w]mp(m&xw}gl R3 xR3

with II(g, f) being the set of probability measures on (R? x R?)? whose first marginal equals g and second

marginal f, and [-|pip(rsxr3) denotes the Lipschitz semi-norm (see e.g. [24]). Correspondingly, []co.e stands for

the C%? semi-norm.

In the second part of this section, we shall measure the weights of configurations in which the particles are
concentrated, meaning that the minimal distance between two particles is small or that there are too many
particles in a small subset of R3.

2.1. On the convergence Assumption Let us describe some properties concerning the asymptotic
convergence of the data, where we always assume that Assumption is in force. We shall first obtain some
estimates for different metrics concerning the convergences of Assumption and then we shall give a sufficient
condition on the sequence (FV)yen- to satisfy Assumption

We recall below the notion of chaoticity for a sequence of probability measures, see [18] 22].

Definition 2.1. Let E C R%. Consider a sequence (YV)yen- of exchangeable random variables on EV and the
associated sequence of laws (7VV)yen-, that are symmetric probability measures on EY. We say that (7V)yen-
(or that (Y¥)nen+) is m-chaotic, for some probability measure 7 on E, if one of the following equivalent
conditions is fulfilled:

(a) mN converges to m®™ weakly in P(E™) as N — oo for any fixed m > 1 (or some m > 2);

(b) the P(E)-valued random variable VN [Y™] converges in law to m as N — oo.

Here 72 denotes the m-marginal of 7V given by 7N (dzy,...,dzy,) == fEN,,,,L aN(dzy,. .., dzm, dzmat, - - - dzn),

and pV[YN] = L Zf\il dy~ is the empirical measure associated to YN,

We remark that [13] obtain a quantitave version of the above equivalence. More precisely, assuming that ﬁ{v
possesses a finite moment of order k& > 1, (7V) yen+ is m-chaotic is equivalent to

(a") A}im Wi (zN, 7®™) = 0 for any fixed m > 1 (or some m > 2);
—00
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(b)) lim E [Wy (N [YN], )] =0;

N—o00

with a quantitative estimate in N for the equivalence between (a’) and (b’). As a consequence of this, and
arguing similarly for the case of finite vectorial measures (more precisely for finite signed measures, corresponding
to each component of jV[Z"] and j), we hence remark that Assumption [A2]is equivalent to

(i’) the random variable pV[Z"] converges in law to p as N — oo ;
(ii’) the random variable jV[Z"] converges in law to j as N — oc.

We now give some estimates concerning different metrics. For any k > 0 and any probability measure
f € P(R? x R3) with support on Qg x R3, we denote its moment of order k£ > 0 by

Midf)i= [ P fded),

We remark that My (f) > 1 for any k > 0 and k — My (f) is non-decreasing. On the other hand, under the
Assumption (2), we have a uniform bound for (My, (F™))nen+. So, below, we focus on probability measures
with bounded kp-momentum 7.e.:

By, (Co) == {f € P(R® x R®) s.t. Supp(f) C Qo x R® and My, (f) < Cs}

where ko € [1,00) and Cs > 1 are fixed by Assumption [AT}(2). Standard arguments show that this set is closed
w.r.t. the weak topology on P(R? x R3).

Lemma 2.2. Let f,g € By, (C2) and define py = [po f(-,dv), pg = [ps9(-,dv), jy = [psvf(-,dv) and
Jg = Jps vg(-,dv). Given k >0 we denote My, := My(f)+ Mi(g) and Ko > 0 a constant depending on Q.

(1) For any 6 € (0,1) there holds
e e
oy — Pg”(cgvf’(RS))* < KoWi(py, pg) 7t < KoWi(f,g)7+T.

(2) For any 6 € (0,1) there holds

(kg=1) o

_6_ 1 _6
||jf _jg||(cgv9(R3))* < KOij - jg| fgé,l(RS))* 5 KOM;;? oy Wl(f7 9) Fo (04,

Proof. These estimates are standard but we give the proof here for completeness.

(1) We shall first prove that

_6

(2.3) o7 = poll o ey S Wilps. o) 71,
from which we shall conclude by remarking that
(2.4) Wilps,pg) S Wilf,9)-
Recall that
o7~ poll cooggayy = sup (2)(ps(de) — py(da)).

16l 60.6 gy <120

We consider a sequence of mollifiers ({c)ec(o,1), that is, (c(z) = e *((e7 ), ¢ € C2°(R?) nonnegative, [ ((z)dz =
1, and supp(¢) C B;. We split

[ 6@os = po)aa) = [ @co@os = o)) + [ [66a) = (@ Calos = py)(d)
=: Tl + TQ.

For the term T3, we easily remark that
P(x) = (¢ ()(x) = / [¢(z) = ¢z — y)|Ce(y) dy < [¢]coe / [91°¢e(y) dy < [¢lcos €,
R3 R3

where we introduced the classical notation for the semi-norm in C%? on the right of these identities. Hence the
previous estimate yields

T2 < 6= 6+ Clem [ (pr+p)de) 5 [ollono
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For the term Tj we observe that, for € > 0 small enough, = + (¢ * (.)(z) lies in Lip(R?), indeed, for any = € R3,

we have
V265 @) = (65 VoG &) s/ ot — 29,

< [ 1ot - T g,
Se 1\\¢||Loo||vx<||u,

which implies [¢ * Crip < €7Y||¢|| . From that last estimate we get

TS 0 Gy || 525 oy = ) e)

Se gl sup /3 D(@)(pr = pg)(dz) = e[ @]l Wilpy, pg)-

[w]Lip(Ri’») <1JR

Gathering previous estimates and choosing € = Wi (py, pg)erl completes the proof of (2.3). We now easily prove
(2.4) by remarking that

Wilpsp)) = s [ w@)os=p)da) = s [ pla)(f - g)(dado

[w]L;p(Rs)Sl R3 ["p]Lip(Rii)Sl

< sw / (e, 0)(f — g)(de, dv) = Wi(f. ).
R3 xR3

[‘Il]Lip(]RSXRS)Sl
(2) By reproducing mutatis mutandis the arguments for (2.3) we obtain

0
. . ; o] e+T
(2:5) 7r = Jallco o @ey < Wir = Jall Coa gayy--

So we prove next

, , ™ ho—1
(2.6) [ Jg||(cg>1(R3))* S M]];O Wi(f.g) *

For R > Ry (to be fixed later on) we define the smooth cutoff function xr(v) = x(|v|/R) with x € C*(R)
nonnegative and 1p(,1) < X < 1p(0,2), and we write

lis =dlleroy = sw [ o@stn) —gy@n) = s [ ofa)ols — 9o

3
1911011 s, <1 /R 160601 s, <1

= s { [ s - s + [ @ - xn)(f - 9 dnan]

H¢H 0.1 g3y <
=: Il + IQ.
Observe that, given ¢ € Cg’l(]RS) such that ||¢HC§,1(R3) < 1, the mapping (z,v) — ¢(x)vxr(v) lies in Lip(R? xR?).

Indeed, we have
wp 12@0xR() 60 xR(v)
(z,v)#(z’ w") (|£E - {E/|2 + "U - U/|2)1/2

< s loxr(v)||¢(z) — ¢(a')| n lp(2")|[xr(v)|[v — V']
T @y ([T =22+ o=V )2 ey ([ — 22 + o — 0! [2)1/2

@) [ 101 <2r xR (V) = XR(V)]

+

(z,v)#£(z’ v") (|£U - ZL'/|2 + |U - U/|2)1/2
< o 1@ =G @l =] ()~ xel@)
T za ‘x - J,‘/| v |'U - U/| vV |U - ’Ul|
<R,

which implies
I < RWi(f.9).
For the second term, since f, g € Bi,(C2), we have

B sw [ o e - 9)dedo) S

H¢H 0 1(R3)—
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1/ko

W if not inﬁnite. |

and we conclude to (2.6) by choosing R =

With the above lemma we can show the following sufficient condition for the convergences in Assumption
to hold.

Lemma 2.3. Consider a sequence (ZN)yen- of exchangeable random wvariables on O and the associated
sequence of symmetric laws (FN)yen< on ON satisfying Assumption . Suppose that (FN)nen- is f-chaotic
(Definition , for some probability measure f on R3 x R? with support on Qo x R, and denote p := fRs f(,dv)
and j := [pavf(-,dv). Then (FYN)yen- satisfies Assumption more precisely there holds

E [Wi(pN (2], p)] SE [Wr(u"[ZN], f)] —— 0

N —o0

and
kpg—1

E [N [2Y] - jllicos -] S E WiV 2N, )] B ——o.

Proof. Thanks to the moment condition Assumption (2) and the fact that (F'V)yen- is f-chaotic, we know
from [13] that

lim E [Wy(u"[ZM], f)] = 0.

N—o0
We conclude the proof by applying Lemma and remarking that E [M ko (WN [ZN ])] = My, (F}N) is uniformly
bounded thanks to Assumption [AT}(2). O

2.2. Estimating the weight of concentrated configurations. For A\,a > 0, and any integer M < N, we
define

(2.7) oY ={z" e OV | n;m|XjV - XY <N~}
i
and
(2.8) OX s = {Z" € OV | there exist at least M particles (X;¥) in the same cell C(A) of size A > 0}.

Here the cell C(\) is given by, for some y € R, (y1 — A/2,y1 + A/2) X (y2 — A/2,y2 + A/2) X (y3 — A\/2,y3 + \/2),
so that |C,(\)] = A3

Below, we study the weight of the sets Oﬁ\\f a and Oy . For this, we allow that the parameters A and M depend
on N. Namely, we denote:

My

(2.9) My = N”, AN = (77 N

1/3
) , VN eN*

with positive parameters «, 3,1 to be fixed later on.

We now state the main result of this section.

Proposition 2.4. Consider a sequence of random variables (Z™ ) nen+ and the sequence of their associated laws
(FN)nen- satisfying Assumption|[All Let a € (2/3,1), B € (0,1/2) and n € (0,00) sufficiently small. Then, the
sequences (M) nen- and (A\N)yen+ given by formula (2.9) satisfy:

1
N N N
]P(Z EO}\N»MNUOQ)SWWO'

We emphasize that the smallness restriction in the previous statement is explicit. With the notations of
Assumption it reads n < 1/(eCt). The proof of Proposition is split into the two following lemmas.

Lemma 2.5. Under the assumptions of Proposition[2.4), there holds

B
]P(ZN 6 Og\VN,MN) 5 (ncle)N °

Proof. By symmetry of FV, given A > 0 and M € N* with M < N, we have

N

P(ZN € OF ) = (M

> P((XY,...,X3)) are in the same cell C(\)).
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In order to compute the last probability, again by symmetry, we only need to compute the probability of particles
i€{l,...,M — 1} to be in the same cell C()\) containing X2, the position of particle number M. Since a cell
C(A) has diameter A (with respect to £>°-norm), we obtain:

P(XY,..., X2 are in the same cell C(\))

<P ( ﬁ {1 = X3ile < A}>

i=1
< (Agcl)Mq
where we have used Assumption [AT}(1) in last line.
When N, M — oo with (N — M) — oo and N/M — oo, Stirling’s formula gives
(N) B N! N V2rNY2NNe—N
M MI(N — M)l /2 MY2MMe—M\/21x(N — M)L/2(N — M)N-Me~(N—M)

)

1 < N ) M 1
Vor \M ) MY2(1 - M)N-M+1/27
which implies

1

P(ZY € Oy ) S (N L

M
M) M1/2(1 — %)N—M-{-lﬂ

— )Mt
~ \/ﬂ 1)

We now consider the given sequences (My)nen+ and (Ax)nen+ given by formula (2.9)), and we get

N MY 1 M M=t
N N < o 7N
P(Z € OAN,MN) ~ (MN) M}V/z(l— %)N(l—MN/N)-i—l/Q (77 N Cl)

N 1 _
S (M ) 1/2 My \N(1—Mpy /N)+1/2 (n 1)MN 1
N/ My~(1—=F) N
Since 8 € (0,1/2), we have that M% /N — 0 so that we can simplify the denominator of the right-hand side:

_ B_
P(ZY € O, ay) < (nCye)™ = N5 (nCye) V"

< exp (NB log(nChe) + ( — %) logN) < (nCle)Nﬁ .

O

Lemma 2.6. Under the assumptions of Proposition[2.4), there holds

P(ZYN € OF) < CyN*3e,
Proof. By symmetry of FV we have

N —«
Pz € 03) = (3 ) POXY - x5 < N7,
and we easily compute
P(X] — X3 | < N™) S F || oo 1 moxrsy N 2% S C1N 72,

which completes the proof. O

3. PROPERTIES OF THE MAPPING Uy FOR FIXED N

In this section, we fix an arbitrary strictly positive N € N and we analyze the properties of the mapping U¥ .
As N is fixed, we drop the exponents in notations (except OV). For example, we denote U = UV, X = XV,
V =VY X; = XY and V; = V... The main result of this section reads:

Proposition 3.1. The mapping U defined in (L.4) satisfies U € C(ON; H'(R®)). Moreover, if F € L'(ON) is
a sufficiently reqular symmetric probability density, we have U € LY(ON | F(Z)dZ).
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More quantitative statements on the integrability properties of U are stated in due course. In particular, the
meaning of “F sufficiently regular” is made precise in Section below.

Let first recall classical statement on the well-definition of the mapping U. For fixed Z € O, by definition,
the restriction u of U[Z] to

N
F:=R3\ U B(X;,1/N),

should be the unique H L(F) vector-field for which there exists a pressure p such that (u,p) is a solution to:

{—Au+Vp = 0,

3.1
(8:1) divuy = 0,

in F
completed with boundary conditions:

(3.2) { u(r) = V; on B

limy| oo u(z) = 0.

We recall here shortly the function spaces and analytical arguments underlying the mathematical treatment of
this problem [I4], Section 3]. We refer the interested reader also to [10], Sections IV-VI] for more details.

Given a smooth unbounded connected domain F C R3 we denote :
Do(F) :={p € C°(F) s.t. divp =0}, D(F) := {¢|, with ¢ € C*(R?) s.t. divp =0},
and D(F) (resp. Do(F)) the closure of D(F) (resp. Do(F)) for the H'-norm, namely:

1
lullocr) = | [/ 1Vuto)Pas]
We recall that (see [I0, Theorem I11.4.1 and Theorem II1.4.2]):
D(F) = {u € L3 (F) st. /f |Vu|? < oo with divu = 0} ,
and that D(F) and Do(F) are Hilbert spaces when endowed with the scalar product
(u,v) '—>/ Vu : V.
F

We recall also that D(F) C L°(F). In particular, since OF is compact, there exists a linear continuous trace
operator o : D(F) — Hz (8F) such that Dy(F) = Ker .

With these definitions, problem (3.1))-(3.2)) is associated with a(n equivalent) weak formulation:
Find uw € D(F) such that vo(u) =V; on 0B; for i =1,...,N and

/ Vu:Vw =0, forarbitrary w € Dy(F).

f

Existence of a weak-solution yields by applying a standard Riesz-Fréchet or Lax-Milgram argument which also
yields the following variational property:

Theorem 3.2. The vector-field U[Z] € D(R?) is the unique minimizer of

{ [Vu[?, veDR?) st v, =V; for allie{l,...,N}} .
R3 ’

We refer the reader to [I4, Theorem 3] for a proof. The remainder of this section is organized as follows. In
the next subsection, we consider the continuity properties of the mapping U. We continue by deriving a pointwise
estimate and end up the section with an analysis of integrability properties of U.

3.1. Continuity of the mapping U. At first, we obtain that:
Lemma 3.3. The mapping U satisfies U € C(OV; D(R?)).
As only continuity is required for our purpose, we give below a proof of this lemma based on monotonicity

arguments only. Nonetheless, one may prove much finer properties by using change of variables methods (see
[211, [4] for instance).
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Proof. The problem (3.1)-(3.2) being linear with respect to its boundary data, we have that, for fixed X € R3Y
such that | X; — X,;| > 2/N when i # j, the mapping V — U|[Z] is linear. Consequently, it is sufficient to consider
the continuity of the mapping X +— U|[Z] for fixed V.

Let V € R3Y be fixed and consider X € R3" — such that |X; — X;| > 2/N for any i # j — and a sequence
(X)) ey in R3N such that

o ZF) = (X*) V) e ON for any k € N,

o limjoo XM = X; fori=1,...,N.

We are interested in proving that U[Z*)] converges to U[Z] in D(R?). Due to the variational characterization of
U[Z], we remark that it is sufficient to prove that the sequence (m*)),cn defined by

m®) = inf{ [Vu[?, v e D(R?) s.t. v =V, forallie{l,... ,N}} VkeN
R3

B(x®,1/N)

satisfies:

(3.3) lim m® =my, = inf{ Vo>, ve D(R?)
R3

k—oc0

=V forallz'e{l,...,N}}.

s.t. Ylsix, /M)

Indeed, for arbitrary & € N, there holds: m®*) = ||VU[Z(k)]||2L2(R3). Consequently, if (m*)),cy converges, U[Z*)]
is bounded in D(R3). We may then pass to the limit in the weak formulation of the Stokes problem (restricted
to test-function in Dy(F)) and we obtain that U[Z] is the weak limit of U[Z*)] in D(R®). The convergence of
(m™)en implies then that (| VU[ZM][| p2gs))ken converges to |VU[Z]||p2s). As D(R®) is a Hilbert space,
this ends the proof.

To prove (3.3), we analyze the continuity properties of the function m..(-) as defined by:
Moo(R) = inf {/ IVo|?, ve DR st v, =V forallie {1,...,N}}, VR >0,
R3

We note that me, = mo(1/N) and that, as |X; — X;| > 2/N for i # j, this function is well defined for R
close to 1/N. Left continuity in 1/N is for free. Indeed, by construction, m.(-) is increasing and, if we had
limp_y1/n- Moo (R) < Moo (1/N), we would be able to construct a vector-field v € D(R?) satisfying simultaneously
=V, fori=1,...,N and

Yls(x,.1/8)

2< 0 - ~(1/N
» |Vl 7RH11I;1N7m (R) < meo(1/N),

which yields a contradiction. Right continuity in 1/N is a bit more intricate. To this end, we note that me(1/N)
is achieved by U[Z]. Remarking that, on the one hand, for an arbitrary truncation function x there holds:

| [ Vi ontheset {x =1}
V x [x(z)V;i x 2] = { 0 on the set {x = 0},

and that, on the other hand Dy(FY) is dense in Do(FYN), we may construct a sequence (w");ey € [D(R3)]N
converging to U[Z] and a sequence (¢);en € (0,00)N converging to 0 such that, for arbitrary I there holds:
wW =V, on B(X;,1/N+eW), Vi=1,...,N.
This implies that:
IVUIZ]|| 22Es) = Moo (1/N) < meo(1/N +&V) < [Vl || 2@sy, V€N,
and consequently, by comparison, that:

i =1 0y =
R—1>111}1N+ Moo (R) = lliglomoo(l/N—l—e ) = Mmoo (1/N).

To conclude, we apply a simple geometric argument implying that, associated with the sequence (X (k))keN,
we may construct a sequence (7*))ren € (0,00) converging to 0 for which, for arbitrary k € N we have:

B(X:,1/N — ™) c B(X™ 1/N) ¢ B(X;,1/N +7®) Vi=1,...,N.

Consequently, for arbitrary k € N, by comparing the sets on which U [Z(k)] is equal to V; with balls of center X,
we obtain:
moo(l/N - U(k)) < m® < moo(l/N + U(k))-

We conclude the proof thanks to the previous continuity analysis of R +— ms(R) in R =1/N. O
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3.2. A pointwise estimate. We obtain now a bound for given configurations:

Lemma 3.4. There exists a universal constant C for which, given Z € OV, there holds:

N
C ) 1y, x,<5
Vo) < G S |14 30 TEsd
i=1 i |Xz'—Xj|—N

Proof. In this proof Z € OY is fixed and splits into X and V. The idea of the proof is to construct a suitable
function

weY[Z] = {v € D(R?) s.t. v, = V; for all i € {1,... ,N}}

whose norm can be bounded by the right-hand side of the above inequality. The bound is then transferred to
U|Z] via its variational characterization (see Theorem [3.2]). Technical details are rather long, hence we stick to
the main ideas here and postpone them to the appendix.

To construct a candidate w, we treat all the B; independently. In Appendix [A] we prove:

Lemma 3.5. Giveni € {1,...,N}, there exists w; € D(R?) satisfying

(3.4) w; = Vi in By and w; =0 in B for j #1,
(3.5) Supp(w;) C B(X;, iN)
such that:

C|Vi|2 1|Xi*Xj|<%

(3.6 [Vl Faquey < — | 1+ 3 — <y
i | X = X5l =
for a universal constant C.

Let (w;)i=1,....n be given by Lemma [3.5| By combining (3.4) for ¢ = 1,..., N, it is straightforward that:

N
w= Zwl € Y[Z]
i=1
Furthermore:
/ |Vwl|? = ZZ/ Vw; : Vw,.
1=1 j=1

At this point, we use the property (3.5) in order to bound the second term on the right-hand side. Given
i €{1,...,N} let denote

Zi = {jE {1,,N} s.t. B(X“2N)HB( J,%)#@}

We remark that, given two indices ¢ and j we have the equivalence between j € Z; and i € Z;.

On the one hand, applying (3.5)), there holds:

Z/ Vw; : ijfZ/ Vw; : Vw; Vi=1,.
R3

JEL;

On the other hand, we have:

Lemma 3.6. Given i€ {1,...,N} the set Z; contains at most 16 distinct indices.

This lemma is obtained thanks to simple geometric argument that we develop in Appendix [A] Applying
standard inequalities, we can then bound:

N
> | Vwi:Vu, gs/ \Vaw;|? + Z/ \Vw,|?, Vi=1,...,N,
=1 /R3 R3

JEI
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which entails:

N N
1
Vw2 Z Vw2 ZZ Vw2

i=1jET;

N , 1 N ,
S8ZE_1/]R3 [Vw;| +§jE:1 |Ij|/Rg|ij| .
ZN 2
<16 2 /Rs |VU)Z| .

We then conclude the proof by applying (3.6]). O

3.3. Integrability properties of the mapping U. In this last part, we envisage to integrate the mapping U
against a sufficiently regular symmetric probability density F' € L'(OV). To state the regularity assumption, we
recall the notations:

Fi(z) = / 1ov(2,2))F(z,2')dz, Yz RS,
R6(N—1)
FQ(Zl,ZQ) = / ]_ON (Zl,Z27Z,)F(Zl722,zl)dzl, V(Zl,ZQ) S Oév,
R6(N—2)

2
where O := {(21,22) € RO s.t. |z — @] > N} We introduce also:

. 2
)(xl,xg) = /6 |’01‘F2((£E1,’l)1), (.’EQ,UQ))d’UldUQ, V(Z’l,xg) s.t. |£L’2 - 1'1| > N
R

With these notations, we prove

Proposition 3.7. Let F € L'(OY) be a symmetric probability density satisfying

(3.7) /Rﬁu +122) P (2)dz < oo,

(3.8) /RS [ sup |j(x1,x2)|] dzy < 0.

$2€R3\8($172/N)

There holds U € L*(ON, F(Z)dZ) and there exists a universal constant C such that:

(/RB(HIzIQ)Fl(z)dz)%Jr;[ RS[ sup|j(x1,332)|] dxl]_

z2€R3\B(z1,2/N)

E[IVU] 2gs)] < C

Proof. Let Z € OV, applying the bound of Lemma together with a standard comparison argument, we
obtain that:

1
2

_ N N
1 1 1|X'7X-|<i
VUZ 2 3 SO E— ‘/7;2 _A'_i ‘/; K3 J 2N
IVUI[Z]|| 2 (rs) Vi lg_ Vil NI E: E 4| | e
L i=1 i=1 j#i | X; il— %

We have then

- 1
N 2 N
1 1 1|X<—X |< 5
E Z < E — N |2 E g i~ A I<3N
I9UZleee) < © (N S |> B[S

=iz A\ JIXi - X - %

We split the right-hand side into two integrals I; and I. First applying a Jensen inequality and then symmetry
properties of the measure F' we have:

1
2

I

1 N % 1 N
E - 4N2 <E - 4N2
(N;w; |> < lN;M |

< </RG(1 + z|2)F1(z)dz)1/2.
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Furthermore, using symmetry,

1 1x, x;<
I == E|—=) Y |V eI LY
VN j#i 1X; — X;| - &
3 ]‘\Xl—X2|<L
< N2E [|I4] 2y
| X7 — Xo| — %
1 r1—x -1
= N% / / "Ul|wFQ(21,22)dvldU2 dzidxs
|m1 m2|>% R3 xR3 /|:171 — I2| — l
N2 1
< N2 —J(xl,xQ)dl‘Qd.Tl
R3 J B(z1, 2N \B(ml N /|(E1 _ 1-2| T
1 . 1
< N sup [i(x1, x2)|dzq ———dy.
R® | 2,cR3\B(z1,2/N) B(0.5)\B(0,2) /|y —2
This ends the proof. (]

With similar arguments as in the proof of this theorem, we also obtain the following corollary:

Corollary 3.8. Under the assumptions of Proposition given ON c ON we have:
o 2 ¥
IP(On)|? (1+ 27 Fi(2)dz ) ++=
R6 N R3

4. MAIN ESTIMATE FOR NON-CONCENTRATED CONFIGURATIONS

]E[HVUHLQ(R:‘)]-@N] <C sup |j($1,$2)] d$1] .

IQGRS\B(Il,Q/N)

In this section, we compute a quantitative bound for the distance between a solution to the N-particle problem
and the limit Stokes-Brinkman system in a “favorable” case. For this, let first state a stability estimate for the
Stokes-Brinkman system suitable to our purpose.

Let consider a nonnegative density p € L3(£)y) and a momentum j € L?(Q) where {y and O are bounded
open subsets of R3. The subset €y is the one given in the introduction, corresponding to the domain occupied
by the cloud of particles. We denote below ©; = Qy 4+ B(0,1). The subset O is another bounded open subset,
not necessarily the same one. We apply the convention that we extend p and j by 0 in order to yield functions
on R3. In this framework, the existence/uniqueness theorem in bounded domains (as mentioned in [19]) extends
to the Stokes-Brinkman problem on the whole space:

—Au+Vp+6rpu = 67) . 3
(4.1) { dive — 0 in R,
(4.2) lim |u(z)| = 0.

|z|—o00
Indeed, as in the case of the Stokes problem, the system (4.1])-(4.2) is associated with the weak formulation
Find u € D(R?) such that

Vu:Vw+67r/

ﬁu~w:67r/ j-w, Yw € D(R?).
R3 R3

R3

For positive p € L3(Qg) C L3/?(R?), the left-hand side of the weak formulation represents a bilinear mapping

a, which is in the same time coercive and continuous on D(R?) (we recall that D(R?) C L°(R?)). Hence, for

arbltraryJ € L?(Qp) C LS/°(R3) C [D(R?)]* we can apply a standard Lax-Milgram argument to obtain that

) 1 D [4.2)) admits a unique weak solution u := u[p,j] € D(R?). At this point, we note that any weak solution u to

is also a weak solution to the Stokes equations with data 6m(j — pu). Since j € L?(R3) and p € L3(R3)

we obtam that the source term is in L?(R?®) and apply elliptic regularity estimates for the Stokes equations on
R? (see [10, Theorem IV.2.1]). This yields:
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Proposition 4.1. For arbitrary j € L*(O) and non-negative p € L3(y) the unique weak solution u := u[p,j
to the Stokes-Brinkman problem (4.1)-(4.2) satisfies V?u € L*(R®) and there exists constants Ko, K1 whose
dependencies are mentioned in parenthesis such that:

[Vl L2 rs) < Kolljllossms), IV2ullL2@sy < K1(16llLs@s)) [llL2@sy + 151l poss msy] -

By duality, the previous elliptic-regularity statement entails a regularity statement in negative Sobolev spaces.
Namely, given a nonnegative density p € L3(Qg), we denote, for arbitrary v € D(R3) :

VU:Vw+67r/

ﬁ’U . ’LU‘ , W E D(R?’) with ||V’w||L2(R3) + ||V2wHL2(R3) < 1} .
R3

[v]5.2 := sup {

R3

Reproducing the arguments of [I9, Lemma 2.4], we obtain then the following proposition:
Proposition 4.2. Given a bounded open subset O C R3, there exists K := K(O,||p||13(q,)) such that

|20y < K[v]ogs-

We refer the reader to the proof of [I9] Lemma 2.4] for more details.

Below, we apply this latter proposition to compare Uy[Z"] for a given configuration Z~ with u[p, j] where
p, 7 are the density /flux associated with the distribution f given by the assumptions in Theorem For this,
we interpret Uy |[Z"] as the solution to a Stokes-Brinkman problem on R? with measure data. We emphasize
that a standard estimate in H? is too greedy in terms of the regularity of the data so that we have to turn to
the stability estimate given by Proposition for our purpose.

4.1. Main result of this section. To state the main result of this section, we recall the notations introduced
in [I4] to handle the convergence of Uy towards u[p, j]. Given N € N* and Z = (X1, V1,..., XN, Vn) € OV, we
denote:

® dpin[Z] the minimal distance between two different centers Xj;
e \[Z] a chosen size for a partition of R? in cubes;
e M]JZ)] the maximum number of centers X; inside one cell of size A\[Z].
If dmin[Z] is sufficiently large and MZ] is sufficiently small, the particles are distant and do not concentrate in a

small box. This is the reason for the name “non-concentrated configurations” of this section. With these latter
notations, the main result of this section is the following estimate:

Theorem 4.3. Let o € (2/3,1), n € (0,1), R > 0 and § > 1/2 be given. There exists a positive constant
K = K(a, R,Qq) such that, for N > 1, given ZV € O such that

NS(lfa)/5 T]M[ZN} 3
. min N > — N < — A ZN - E—
(4.3) dnin[27] 2 70 M[Z7] < e [Z7] N ,

—_

we have

IUNIZN] = ulp, ]l 2 (B0,r)) <

==

i N .
[”] [Z ] —J ”[C;”I/Z(H@)]*

1 1 & VN2 ! 1T+ ol 220 56 1 7N
w1 g WP ) (S 0 (G 16 gy ) ) |

where we recall that

1 Y 1 Y
p|ZN] = N D oy, 2N = N > ViNoxn.
=1 =1

The remainder of this section is devoted to the proof of this theorem. It is based on interpolating the method
of [I9] for dilute suspensions with the construction of [I4]. Though the computations follow the line of these
previous reference, we give an extensive proof for completeness because estimates have to be adapted at each
line.
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Proof of Theorem[4.3 From now on, we pick o, 7,d, R as in the assumptions of our Theorem N > 1 and
Z = (X1,Vi,...,Xn,Vn) € OF such that hold true. For legibility, we forget the N-dependencies in
many notations in the proof. We recall that, by assumption, Supp(p[Z]) U Supp(j[Z]) C Qo and we denote
Ql = QO + B(O7 1)

To begin with, we note that, by applying the variational characterization associated with the Stokes problem
(see [14, Theorem 3]), we can construct a constant Cp such that:

(4.4) IVUIZI|IZ gs) < ZIVI2

This property relies mostly on the fact that Ndyin[Z] is bounded below by a strictly positive constant. We refer
the reader to [I4], Section 3] for more details.

We want to compute a bound by above on ||U[Z] — ulp, j]|| 12(B(0,r))- APPlying Proposition this reduces
to compute a bound for:

V(U[Z] - ulp,j]) : Voo + 677/ o(U1Z] = ulp, j]) - w] ,w € D(R?) with

(U1Z] — ulp. )25 += sup] .

R3
||vw||L2(R3) + ||v2w||L2(]R3) < 1},

or to find a constant K independent of U[Z] and w € D(R?) for which there holds

V(UIZ] — ulp,j]) : Vw—|-6ﬂ'/

- p(U[Z] — ulp, j]) w‘ < K [Vl 2@s)y + V0| 2 (rs)] -

R3
Hence, in what follows we fix w € D(R?) and we focus on:

Blul = [ VIV = ulp. i) s Voo 67 [ p(U1Z] = ulp. i) -
We apply without mention below that, since €2; is bounded, there holds:

[wllgorzayy + IVwllLs@r) S VWl z@s) + V2w 2 sy = w]] 2 ).
First, we decompose the error term FE[w] into several pieces that are treated independently in the rest of the

proof. Since u[p, j] is the weak solution to the Stokes-Brinkman problem associated with (p, j), this error term
rewrites:

Elu] /R (VU[Z): Vu + 6mpU[2] - w) - /R (Vulpg] s Vot 6mpulp, ] w),

= / (VU|Z) :Vw+67er[Z]~w)—67r/ J-w.
R3 R3
We now work on the gradient term involved in this error:
VU[Z] : Vw,
R3

in the spirit of [I4]. Applying the construction in [14, Appendix B], we obtain a covering (T}).ezs of R® with
cubes of width A[Z] such that, denoting

Z
Z5 = {Z‘e{l,...,N} s.t. dist (Xi, U 8Tn> < /\[5}} )
KEL3

N

(4.5) ~ Z L+ |Vi]*) < ——Z<1+|Vi|2>.

ZGZ(; =1

there holds:

Moreover, keeping only the indices K such that T}, intersects the 1/N neighborhood of g, we obtain a covering
(Ty)wex of the 1/N-neighborhood of . We do not make precise the set of indices K. The only relevant property
to our computations is that

14

4.6 K< .
Associated with this covering, we introduce the following notations. For arbitrary « € K, we set
I, ={ie{l,...,N}st. X; €T}, MZ]:=+#I,.
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We note that, since T}, has width A\[Z], we have that M,[Z] < M[Z] for all x. Moreover, by construction of &,
all the X; are included in one T} so that the (Z,).cx realizes a partition of {1,..., N}.

We construct then an approximate test-function w® piecewisely on the covering of Qy. Given x € IC, we set:

(4.7) wie)= Y GVw(X))(z—-X;), VreR?,

€L\ Zs

where GV[v] is the unique weak solution to the Stokes problem outside the unit ball with vanishing condition at
infinity and constant boundary condition equal to v € R? on the unit ball. Explicit formulas are available in
textbooks and are recalled in Appendix [B] We set:

s __ s
w- = E wﬁlTﬁ.

We note that w® ¢ HE(R?) because of jumps at interfaces 9T). It will be sufficient for our purpose that
w® € HY(T,,) for arbitrary x € K. Setting:

Epw] := VU : Vw —
: > /

we have:

Ew] = Eyw +Z/ VU|[Z] : Vw? +67r/3pU[Z]-w—67r/RBj~w.

reEK

Now for arbitrary « € I, we apply in Section the properties of GV and integrate by parts the integral on
T,.. We obtain an integral 9T in which we approximate U[Z] by:

1
Uy 1= U|Z)(z)dzx,
o] Jiy, 2@

where [T}]a5 is the A[Z]/(26)-neighborhood of 8T}, inside T}. In this way we obtain that

we = o7 _
/VU = > w(Xi) (Vi — k) + Erre.

€L\ Zs

where it will arise that Err, is due to the approximation of U[Z] by @, on 9T only. So, we set:

and we rewrite:

Blu] = Bofu] + Eafu] + 50 30 Y w(x) Vi T Y w(x) -,

I{EK 1€L, \Z(; KREK iEIN\Z(s

Eventually, we obtain:
(4.8) Elw] = Eo[w] 4+ Er[w] — E,[w] + Ej[w],

where we denote:

67T .
Y Y wx '_GW/Rs]'w’

KEK: 1€, \Zé

Ep[w]:zz %T Z w(X;) -65—671'/R3pU[Z]~w

KEK €L\ Zs
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Applying successively Lemma , Lemma Lemma and Lemma below, and recalling (4.3)) to
replace A[Z], dmin[Z] and M[Z], we obtain respectively:

po < L (1 1 5 \? AR
| O[w”NE 5+N%(17°‘)+N%°‘7% +N;|Vz| ||w||D2(R2)7

1
2

|wHD2(]R2)7

581 1Y
Bifull € —= s [ 14+ DIV
|1[ ]|N\/ﬁN2+{§a< Ni:1‘ |>

N
. . 1 1
|Ej[w]| N (”][Z] _jll[cgslﬁ(Rs)]* + 5 <1 + N Z |Vl|2>> Hw”D2(R2)7

i=1

1 ol L2 (00) 9 1
|Ep[w]| < l + 5 442 NI + |lp[2] - P||[c{j*1/2(R3)]*

1 & !
1+ 2SR ullpees,
NG < N; (R3)

Gathering the above estimates, recalling that n € (0,1), § > 1/2, and remarking that, since 2/3 < a < 1 there

holds
1—a<g a—l <2+3a
5 5 3 15

we finally obtain:

1| (T +pllz20)) 1 1 & !
Elw|| < = | (SPNE200) s (21 iZ] = pllogees 1+ = S0
‘ [’UJH ~ n ( \/3 + Né(l_a) + Hp[ ] p”[Cg / (R3)]* N Zz:;l |
+ HJ[Z] _j||[C§’1/2(R3)]*‘| Hw||D2(]R3)7
which ends the proof of Theorem O

We proceed now to estimate the different error terms Eow], E1[w], Ej[w] and E,[w]| appearing in the proof
of Theorem [£.3] above. This is done in Sections [4.2] [£.3] [£.-4] and [4.5] respectively.

4.2. Estimating Ey[w]. We recall that, with the notations above, there holds:

Eolw] =) (/T VU[Z)] : Vw—/Tﬁ VU|[Z) : w:),

KEK
We have the following result:

Lemma 4.4. For N > 1, we have:

(4.9) |Eolu]l <1+;Z|W|2>

L, Mz M|z M([z)? Miz) Mz : |
NS V2P NaialZ) " Ndwia[2]F) T Nwialz] TN lwllp2 )

Proof. The proof is a simpler version of [I4, Proposition 11] but keeping track of the dependencies on w of all
constants. Below, we use symbol < to denote inequalities with constants that do not depend on N and é.

First, we construct an intermediate test-function similar to [I4), pp. 25-26]. We recall here the ideas of the
construction. For arbitrary £ € K, we consider the Stokes problem on T, \ |, €T\ Zs B; with boundary conditions:

u(z) = w(x), ondB;foriecZ,\ Zs,
u(z) = 0, on 07T, .

The analysis of this problem is done in Appendix [B] and yields a solution w,. We keep the symbol @, to denote
its extension to 2 (by w on the holes and by 0 outside 7). We obtain a divergence-free w, € H'(R?®) having
support in Qg + B(0,1). We then add the w, into:

(4.10)
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and correct the values of w on the B; when ¢ € Z5 in order that it fits the same boundary conditions as w on the
B;,i=1,...,N. We introduce x" a truncation function such that y~ =1 1in B(0,1/N) and x = 0 outside
B(0,2/N) and we denote:

b= 3 - Xgw =By, g gl w(@) VXY @ - X))
€25
—|—H(1—XN w—I—Z‘BX“NWwa()-VXN(J:—XZ-)].
1€2Zs 1€E2Zs

where By ., r, is the Bogovskii operator that lifts the divergence in bracket with a vector-field in H}(B(X,ra) \

B(X,r1)). Consequently, w —w € H}(F) is an available test-function in the weak-formulation of the Stokes
problem satisfied by U[Z]. This yields:

VU[Z]: V(w —w) = 0.
R3

We rewrite this identity as follows:
(411) E()[’LU] = €1 + €9 s
with:

NE’C/ VUI|Z wy), GQ/QIVU[Z]:V(IDQ,).

We control now the error term €;. For arbitrary x € KC, we apply Proposition to w, and we obtain:

1/2
IVt - ol £ 50 (7 + 7)) " ol + I90liern) -
Introducing this bound in the computation of €; and recalling the two properties of M[Z] :
(4.12) > M.ZI<N,  supM, < M[Z],
KEK ek
yield:
(413 5 (Faatg g ) VUl

We compute now a bound for e;. For this, we replace w by its explicit construction. We recall that the
supports of the (xV(- — Xi))ieq1,...,ny are disjoint so that:

1= JJa-x"@-X) =) xN@-X), VreR’

i€Z5 i€Z5
Consequently, we split:
W—w = Z {XN( - Xi)w— By, 1 2z 0(z) VN (x — Xl)]}
1€EZs
=3 = Xow = By g e w(@) VXN @ - X))
i€Zs

and V(0 — @) =3, 5. Z?:l eél? where, for i € Z5, we denote:

K2

el = =V [XN(- = Xiw - By,

12
GNON

[z w(z) - VXN (& — Xi)]] :
) = VXN (= X)©w— VB, 1 2 w(z) VXN (@ — X)),
€ ) =Y (- - X;)Vaw.

We remark here that 62) has support in B(X;,2/N) whatever the value of ¢. As previously, a standard
Cauchy-Schwarz argument yields:

(4.14) le2| S IIVUIZ)]] 22 roy (ZZW) .

(=11i€Z;s

To complete the proof, it remains to bound the last term in the right-hand side of the above inequality.
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First, by applying standard homogeneity properties of the Bogovskii operator and explicit computations, we
have, for i € Zj:

1
1
/ |€g,2|2 < NHw”%O@(Ql) + IVwllZ25x, 28

1
< ~ (Ile%m(Ql) + ||Vw||?:6(3(xi,2/zv))) :

But, by the choice of the covering (see (4.5))), we have:

N 1 Y
JR— A2
(4.15) 125 S <1+N;|%| )

so, we obtain finally:

(4.16) > /

€25

1 1 &
2 2
< 3 <1+ N > Vil ) [wl[ D2 (gs)-

B(X; 2/N =

Secondly, with similar arguments as for 6(213 , we obtain, for i € Zs:

2 _
[ 18P S Nl oy
B(X;,2/N)

and

Z /B ﬂ < N Z Z Hw”L2 (B(X:,2)NTy) *

I€Zs (X“2/N) i€Zs KEK
2 2
S N Z Z lwn —w HLZ(B x,, 2t TN Z Z”w ”L?(B(X 2)NT) *
KREK IEZs 1€EZs KEK

We compute the first term on the last right-hand side thanks to the expansion (B.4) of GV and remarking that,
since the diameter of B(X;, ) is infinitely smaller than the one of T}, for N sufficiently large, one B(X;,2/N)
intersects at most 8 distinct T,;,. Repeating (4.15)), we conclude:

Z Z ||wn||L2(B(X YNT) ~ Z 8 sup ”wHHLQ(B(XuN)) ’

i€Zs KEK iczs N€
N
IM[Z)* 1+ 5 3 Vil
~ Ni@2, [Z] S ||w||L°°(Ql)-

min

As for the other term, we introduce, for k € I, the set Zs,, of indices i such that B(Xj, %) NT, # 0, and we
obtain, by repeated use of Holder’s inequality, that:

_ s2 — s12
Z Z waf*wnHL?(B(Xi,%)mT,i) = Z Z Hwn*wnHLz(B(Xi,%)mTﬁ)

KREK IEZs KEK iEZg *
|ﬁ55 |
S Y —wi) o)
KEK
3
S Z 12Z5r <Z (@ = w2, )>
REK reEK

By comparing the size of T,; and B(X;,2/N), we obtain again that:

N 1 Y
< 2 < | = 12
> 125k |4.25] l(; <1+ N ;:1 Vil >

KEK

which, combined with Proposition and (4.12)), yields:

N 2
S5 e — w2 O RSLVPE M@ 1 6y
KEK i€25 L2 (Boe (Ko, 3)0T2) 63 N2 N doin|Z] © NZ] D2(R3)"

2
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Combining the above inequalities and recalling (4.4), we conclude that:

(4.17) Z/ X <1+ZIVIQ>

€25
1 |M[Z]]? 1 MZP? | 5| M[2Z)P? ,
(5 |Ndmin[ZH2 * m Ndmin[z] +9 N)\[Z] Hw”DZ(Rs).

B(X; 2/N)

Finally, we have similarly:

3 /B O S 3 S IV12 s, 0yt

(X1,2/N

1€EZs 1€Zs kEK
S 2D Ve - Vuillepix, 2y T > > IVwillZe mex,, 2y -
rKEK i€Zs I€EZs KEK

and we can reproduce the previous arguments relying on Proposition [B-I] This yields, on the one hand:

‘ M2[Z] 1 &
s 12 2 2
Z Z ||VwNHL2(B(Xi7%)ﬁTN) 5 m (1 + N Zl |‘/7,‘ ”wHD2(R3)7

I€EZs KEK
and, on the other hand:

D 2 IV = Vil sx, 2o0m S D IV = Vil

KREK IEZs KEK
M[Z) [ 1 5 ,
< .
< () el

We obtain finally that:

N 2
e (1h L) (L oy
) Z/ sz ”(HNMM)(6|Ndmm[zn4+zvdmm[z1”NMZ} Il

1€EZs
Introducing (4.16), (4.17) and (£.18) into (4.14) yields:
1 XN
2
(4.19) |eo| < (HN;V” )

1 M(zZ)? M(zZ]5 M[z]? M|(Z] M(Z)}
' (5 (1 T Nl ZI? " NeuwinlZ] |Ndmin[Z]|4> TN toy ]> [w|| p2(ws).-

We complete the proof by combining (4.13))-(4.19).

4.3. Estimating F;[w]. We proceed with the computation of E;[w] defined by:

Eyw] =) /VU FVwy —6r Y w(Xi) - (Vi — 1)
KEK 1€T\Zs

We control this error term with the following lemmas:

Lemma 4.5. Given N > 1, we have:

M
Bxlull S8 1 ( 93 w) s e
Proof. For N sufficiently large and x € K, let simplify at first:

I, :/T VU|[Z)]

wie)= Y GVwX))(z-X;), VzeR?,
€L\ Zs

By definition, we have that:
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so that, introducing the associated pressures = — PV [w(XN)](x — X}), we obtain (after several integration by
parts as depicted in [I4] pp. 32-33]):

(4.20) i - %” S (W(X0) Vi — w(Xy) @) + Err,
i€T,\ Zs
with:
Err, = OGN [w(X:)](- = Xi) = PN w(X))(- = Xi)n - (U[Z] — ti;)do .
/8T iezzﬁ\:zS

Summing over k € K, we obtain that

/ VU(Z = > I
KEK

KEK
6m _
= Z — Z (w(X;) - Vi —w(X;) - tg) + Z Err,,
KEK © Q€T \Zs KEK

and also:

w] = Z Erry.

rEK

For k € K, we adapt (up to notations) the computations of [14, pp. 34-35]. The point here is to lift the
boundary condition U[Z] — @, via a standard truncation process in order to yield a divergence-free vector-field v
which vanishes at a distance A[Z]/(20) of 0T. Applying that (Glw(X;)], Plw(X;)]) solves the Stokes equation
on [Ty]2s (since this subset contains no holes with index in Z,; \ Z5) we obtain:

(4.21) |Erry| < C[20](1+ Cpw[20]) 4 D IVGN[w(X)](- = Xl r2(m0as) ¢ IVUIZ]2(17,025) -
iGIH\Zg

where, denoting A(0,1 — 1/§,1) the cubic annulus | — 1, 1[*\[-(1 — 1/4),1/4]3, we used the symbols:

e Cp[d] for the norm of the Bogovskii operator B 1_1/5,1 seen as a continuous linear mapping L3(A(0,1 -
e Cpw[d] for the constant of the Poincaré-Wirtinger inequality on H'(A(0,1—1/6,1)).

The asymptotics of these constants when § — co are analyzed in Appendix [C}

To bound the first term on the right-hand side of this inequality, we remark again that for any ¢ € Z,; \ Zs the
minimum distance between X; and [T]as is larger than A[Z]/(26). Hence, applying the explicit formula (B.4) of
the Stokeslet GV [w(X;)] we obtain that

o dr :
N N(- = X2 < _ )
VG [w(X)](- = Xi)ll2((702s) < (A[Z]/(25) N2r2> lw(X5)]
V26 w
NVNZ]

Combining these computations for the (at most) M, indices i € Z,; \ Z;s entails that:

M
(4.22) Y VG WX = Xi)ll ez (e S \/ || wl|pee(0,) -
€L\ Zs

Plugging (4.22) into and recalling the fundamental properties (4.12)) of M, we conclude that

(X3)l-

|Eifw]] < Cu[20](1+ Cpw(26]) 26M[[ ]]| UlZ]| L2 re) lwll go.r/2 @y

We conclude the proof of Lemma by applying that Cy[26](1 + Cpw[26]) < 6'1/2 (see Appendix |C) and
recalling (4.4). O
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4.4. Estimating E;[w]. We proceed with the error term
6
-3 T T ) Vieor [ jew
N €T\ Zs R3

Lemma 4.6. Given N > 1, there holds:
N
1Byl £ (nj[ = sll ooy + ( zw)) ol e, -

Proof. As w € C(R?) and (T})xex is a covering of Supp(j[Z]) we have that:
DD w(Xi) -V = (2] w).
KREK €L,
Consequently, complementing the sum in E; with the indices in Z5, we have:
. . 6m
Ejlw] = 6m(j[Z] — j,w) + N Z w(X;) - Vi
1E€EZs
The first term on the right-hand side is estimated straightforwardly:

(31Z] = 3, w)| < [17[Z] = jllicor/z(ray-

b 2@

while repeating the proof of [I4, Lemma 15|, we obtain, for N > 1 :

N
67 1
¥ wl) vy s5<1+NZ|W|2) e~

i€25N Ts i=1

which yields the expected result and completes the proof of Lemma [£.6] O

4.5. Estimating F,[w]. We end up by estimating the remainder term

=Y |5 ¥ wix|-a-or [ pvlz]-u

KREK i€T\Zs

Lemma 4.7. For N sufficiently large, there holds:

1 (| Mz] L (_Mz] \"
B, [w]| < (5 < Nzp 1Pl ) + 75 (NIA[ZH?’)

+ 59/2 <>\[Z] + Hp[Z] — p”[Cg’l/Q(D@)]*)) (1 + = Z |V|2> Hw||D2(]R3).

Proof. The proof is adapted from [I9, Proposition 3.7]. As previously, let first complete the sum by reintroducing
the Zs indices:

(4.23) % Z Z w(X;) - U, = % Z Z w(X;) - i, — Err

REK i€T,\Zs KEK i€T,

~ 6
Err:WWZ Z

REKIEL,NZs

[w]:%ZZw(Xi)~ﬁﬁ—67r/ﬂ pU|Z] - w — Err.

KEK €L,

where:
We have then:

We remark that we may rewrite the first term on the right-hand side of this equality by introducing:

(105 ot () e

E,w] = 67r/Q [0 — pw] - U[Z] — Err.

which yields
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Finally, we introduce Us[Z] := U[Z] * {55 in this identity (in order to regularize U[Z] so that we may make the
difference between p[Z] and p appear) where we recall that (), is a sequence of mollifiers. We apply below that

||VU[ 122 (ms3)

9
(4.24) 1Us[Zll o ayy S 02 VU2l 2@y, IU[Z]s = UlZ]l[z2(01) S 53

Indeed, by classical computations there holds

1Us[Z]l|co.xary S NUs[Z e 1) + VU [Z | oo (1) S IVUTZ]| L2 o) (1 + (168 [l 2 re) )

which yields the first inequality, and moreover

|Us(2) - U2,y = [ ‘ [, Ve =) - vzl

s [ [ e ) - Uzl
S 516//|Z|S1|z|2/01|VU[Z}(x—t§3)|2dtdzdac

< S IVUIZE o)
which implies the second one.
This entails that: R N
E,w| = Err+ Err — Err
where
Err = 671'/ (0 — pw) - (U[Z] — Us|Z)), Err = 671'/ (o — pw) - Us[Z].
Q ol
We proceed by estimating thesle three error terms independently.
We first remark that the (Z,;).cx form a partition of {1,..., N}. This entails that:

My
lollzr@n < v ol @y < llwllzeay)-
KEK

Straightforward computations imply also that:

N Mz
(1 (=) ) Fagzp o

M[Z]
S 5w||w\|mc(m)~

IN

lollze (1)

By interpolating the above inequalities to control the L?-norm of o and combining with (4.24)), we deduce:
[Brrl S (lollza@ + lelzzn lwll = (oy) 1Us[Z] = U[Z]] 220,

M(Z] IVU[Z]|| L2 (r3)
< ( 6W + ||p|L2(Ql)> 5—3||w||Loo(Ql)
1 M|Z]
(4.25) N 5572 ( W + ||P|L2(Ql)> IVU[Z]|| 2 ®s) |l w]| o< (2,)-

Then, we note that we may rewrite:
6
Err = WZZ/ A—&T/ pUs|Z) - w
wek ieZ, ¥ [Tnl2s J2s| o)
where we rewrite the first term:

722/ Us|Z]

KEK €L, 25‘

N GWW S w(x) - Uslz)(X) + 22 3 / (Us[2] - Us|Z)(X))

i—1 KEK i€T, |[T]2s]
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Because Us[Z] is Lipschitz, and by the estimate (4.24) on its Lipschitz norm, we have:

6n UslZ] - Us[Z)(X)
SO “

;{E)C €T, Til2s H]25|

< NZU(Z) o gy Il 2

S SPANZIVUIZ) 2@ [w] Lo ) -
On the other hand, we have:
6r N
N “
=1

w(X;) - Us[Z)(X;) — 6 /Q pUs|Z] - w = 6m(plZ] — p,w - Us|Z)

so that, introducing again the control on the C%*-norm of Us[Z], we derive:

67rN

~ iZIw(Xl-) - Us[Z)(X;) 67r/91 pUs|Z] - w -

S 8P IVULZ 2 lpl2] = pl o2

We finally obtain
(4.26) |Err| < 677 (NZ) + [101Z] = pllicorr2qgoy) IVUIZ] | 22 e) [wll o2 )

which completes the proof for the term Err.

For the remaining term, we introduce:

5 — <1 - <1 - 215>3> B NIA ;C (le;% )I) (1, a5 -

|Err|§/9 5 (2)|U[Z](2)]dz

With similar arguments as in the previous computations, we have, applying (4.5):

so that:

. 1 1
1512100 < #Zslwlr=(o) < 5llwllz=) (1 TN Z |V|2>

Furthermore, we have:
. MIZ)]
HUHL”(Ql) 5 5N|)\[Z]|3 Hw||L0°(Q1)

Consequently, by interpolation, we obtain:

3

) 1 ([ Mz] \V Ln )
< b . 1+ — Vi
||a||L§(Ql)Nf<N|A[Z”3) [w]| Lo () +N;| |

Applying Sobolev embedding H'(R?) € L*(;) with ([@4) we conclude that:

=1 1L L\ Mz M
(4.27) |Err| S % I+ N ; Vil W ||w||cﬂ-,1/2(QT)HVU[Z]||L2(R3) ‘
We conclude the estimate of E,[w] by adding up (4.25)), (4.26]), (4.27) and recalling (4.4). O

5. PROOF OF THE MAIN RESULT

We are now able to prove our main result Theorem as well as the Corollary

We hence consider the framework of Theorem The main idea is to split the expectation we want to
estimate into two parts: one taking into account the non-concentrated configurations (which has been treated in
Section , and the other taking into account the concentrated configurations (treated in Section [2]).

Let us fix a € (2/3,1), n = min(1/(2C1e), 1) (see Assumption [Al]or Proposition [2.4] to remind the meaning
of constant Cy) and R > 0. Given N € N* we denote:

3(1—a)

My=N""5 and )\N—<

nMy 1/3
W)
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We can then introduce the corresponding decomposition of configurations with N particles:
N N N N N N
O = (O \(Ox\N,MN UOOt )) U (OAN7MN UOO‘)
We emphasize that, since n < 1, for any Z¥ € OV \ (Of\VN,MN U O), the associated configuration satisfies (4.3)).

5.1. Proof of Theorem [1.1} We want to compute the expectation of the distance with u := u[p, j]. We split
the expectation into the non-concentrated configurations and the concentrated configurations as follows

E [|UN[ZY] — ullr2(B0,r)] = E [101\’\(@1\' vony(ZM) ||UN[ZN] - UHLQ(B(O,R))}

AN My

+E[loy | uor(Z)IUNIZN] - ulliso,n)]

Let us first estimate the term I5. Since we have chosen 7 sufficiently small, Proposition [2.4] entails that:
P(ZN ¢ (’)f\VMMN UONY < N=Ga=2) 0 when N — oc.
Consequently, with Corollary [3.8] we obtain that:

1
2

N
K 1 1
E [1zNeo;\’NW,Nuog HVU[ZN]HL%R?’)} <yt P(ZY € OF vy UOY)ZE lN 2—21 VN2
5 3](;172 *
N5

Finally we get

LSE[loy |, oy (@) IUNZYlIpEs)] +E [Log |, oy () lullramo.n)|

AN My

We now turn to the term I;. For N sufficiently large, noting that ||p™[ZY] — pH[CD,l/z < 2, we can apply
b

Theorem choosing

(R3)]*

Gl

L+ [lpllz2 00
1
(Nl—Ta + ||pN[ZN] - p”[C’g‘l/z(Rf’)]*)

This yields that, for arbitrary Z¥ € ON \ (Of\VMMN U OF), we have:

5:

L
13

N 1
1 12 1
IUNZY] = ullr2(po.my) S (1 TN > |ViN|2> (1 + llollz2(00)) ™ <N15a + oM [Z"] - P||[Cg,1/2(R3)]*>
i=1

+ HJN[ZN] - j”[cgvl/?(Rs)]*'
Taking expectation and using the hypotheses of the theorem, this yields
(L+ llpllz2(0q) B Lo~ e
s B (1413

~ l1—a
55
° i=1

N &

N 1
1 L . .
+E <1+N;|vm2> 16121 = Pl |+ W12 = g2y

(5.1)

=

1

=
ol

S M5 (FY)]

(1+||p||L2(Q ))% Ni7N NN .
( Nle—sa . +E |:||P [Z ]710”[054/2(]1@3)]*} +E|:||j [Z ]7]”[0271/2(]1@3)]*]

(1—o)

1
13 . . —
SE [HpN[ZN] - p”[cg’l/z(ﬂw)]*} +E {H]N[ZN] - j”[cg’lﬂ(RS)]*} + N~

1
3 (d-a)

SEMN 2V 0] +E I3V ZY) - dll gy |+ N

where we have used Lemma [2.2] in last line.
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We complete the proof of (1.9)) by gathering previous estimates, and the last part of the theorem immediately
follows from it. O

5.2. Proof of the Corollary Let f satisfy the hypotheses of Corollary We shall construct here a
sequence (FNV)yen+ of symmetric probability measures on O that satisfy Assumption and that is f-chaotic
with quantitative estimates (in the sense of Definition , hence also satisfies Assumption thanks to
Lemma,

A classical way in statistical physics to construct chaotic probability measures in the phase space of a
N-particle system is to take the N-tensor product of a probability measure on the phase space of one particle
that we condition to the energy surface of the system. More precisely, given a probability measure f on Qg x R?
we define a probability measure IIV[f] on OV by

(5.2) IY[f)(dz™) == W (f) Laveow fE7 (d2?),

where Wy (f) is the partition function
WN(f) = / 1ZNEON f®N(dZN).
(Q0 X R3)N

We now verify that the sequence (II'V[f]) yen- satisfies Assumption We start with a technical remark:
Lemma 5.1. For any 1 < m < N and N large enough there holds
1< W]T,l(f)WN_m(f) < (1 =8¢ N72||p||Loo(R3))*m < 61600mN—2|\pHLoc<R3),

where co = |Bgs| is the volume of the unit ball in R3.

Proof. We have

Wi (f) Z/

m
1
1(Z11"~7Zm)607” I | 1‘1i*$m+l|>l f®(m+ )(217 ey Zmy Zmt1) d21 . dzmg
(R3 xR3)m+1 N

i=1
- 1-1, _ ,) i) Azt ST veom fO (20 zm) 2y A,
/(]R?’XR?’)T” {/RSX]RBE< ei—ama|< 2 ) [ (Zme1) dz +1} C1voszmycom O (21 Zm) dzy Zm

> / (1 =8mcoN"?||pllpe @)L (on,. zmycom FE™ (21, -+, 2m) d21 ... Az,
(RSXR3)7"

We note here that, to pass from the second to the last line, we only remark that the indicator functions
deletes at most m balls of radius 2/N in R?. From the last inequality, we deduce Wy, 41(f) > Wi (f)(1 —
8mcoN 3| p|| Lo (r3)). We conclude the proof of the first claimed inequality by induction.

For the second inequality, observe that  +— 2z + log(1 — z) is nonnegative for 0 < & < 1/2, therefore for N
large enough (so that 16comN ~2[|p|| e (rs) < 1) we get

(1 — 8¢ N_2||p||Loo(R3))_m < elGCUmN72||PHLoo(R3).

As a consequence we obtain the following bounds on (IIV[f]) yen«:
Lemma 5.2. Given N sufficiently large, for any 1 < m < N there holds:

—2
T (£l oo 21 (omy < €60V Iolloc sy 1017 (R

—2
[za[FoTIY (£l 1 12 o sy < €' Hp“”““‘@)/ |21]* f(21)d21,
R3 xR3

2
or P [ f]l| oo £1 02y < €320 IPlioe ey )| o SUP/ o1 [* f (21, v1)doy,
x1ER3 JR3

where TIN[f] denotes the m-marginal of TIV[f].

Proof. We write

N
fznv(zlv s ’Zm) < Wﬁl(f)1(21,---,zm)EO"L f®m(217 e "Zm)/ H 1|mi7rj|>% H f(Z]) de

(REXR)N=™ g i< N j=m+1
<WN (IWNm ()L, myecom FE™ (2155 2m).
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Each estimate then follows easily by using the bound of Lemma [5.1 ]

This lemma shows that (IIV[f])nen- satisfies Assumption We shall prove now that (ITV[f])yen- is
f-chaotic with quantitative estimates, which hence implies that it satisfies Assumption To this end, we
recall that we denote (Z™)yen a sequence of random variables on OY with corresponding laws (IIV[f]) yen+
and that proving that (IIV[f])nen- is f-chaotic reduces to measuring the expectation of the Wasserstein
W;-distance between the empirical measure gV [ZY] and f. This is the content of the following lemma, from
which Corollary follows straightforwardly.

Lemma 5.3. Consider the framework of Corollary . Let (ZN)nen+ be a sequence of random variables on
ON with laws (TIN[f])nen- defined by (5.2)). There holds

and E[Wl (MN [ZN]a f)] S .

E’[Wl(pN[ZNLp)] N ~ N1/6°

1
~ N1/3

Proof. We shall only prove the second estimate, the first one being similar arguing with the random variable
XY on OF (coming from ZV = (XN, V).

Let (W) nen+ be a ii.d. sequence of random variables on (R x R3)Y with common law f, and u™ [W¥] be
the associated empirical measure. We split

Wi (N2, £) < Wa(pN WL ) 4+ Lwveon Wi (pN[ZY], pN W) + L gon Wi (uN[ZV], pN W),
which implies
E Wi (u™[ZV], )] <E [Wi(uN W], )] +E [Twyecov Wi (u[ZV], pN W)
+B WY ¢ OV]* E [Wh (u (2], 1N W)

The first term on the right-hand side can be controlled by N~/¢ thanks to [9, Theorem 1], since W is a i.i.d.
sequence of common law f and using the fact that f has support included in Qg x R? as well as a finite moment
of order 5. The second term is bounded (up to a constant) by the first one, indeed

Neon OV (dzN
B [twveor W2, W] = [ [ w1 o) el

< W () E [Wa(uV W), 1 W)

]-WNEONf®N(dWN)

SE W (u W], )] + B W (¥ W, )]
where W is an independent copy of WY Finally the third term is bounded by N~/ since P (W & ON] <
N~! (thanks to a similar argument as in Lemma and
E [Wa(u" (2], pN W] S E [Ma (" [ZY])] + B [Ma(p [WH])] = My(IIY [£]) + Ma(f),

which are uniformly bounded. U

APPENDIX A. CONSTRUCTION OF wj;

This section is devoted to the proof of Lemma and Lemma We recall first the frame of these
results. We assume that N € N is given and strictly positive in the whole section and we drop the parameter N
in most of notations. We consider N balls B;, i = 1,..., N, of centers (Xi,...,Xy) € R3*" and common radii
1/N. We assume that | X; — X;| > 2/N for j # i so that these balls are disjoint.

We begin with Lemma on the possible intersections of (B(X;, %))ile’N. We recall the statement of
this lemma and give a proof:

Lemma A.1. Leti € {1,...,N}. Setling
T={je{l,....N} s.t. B(X;, 5%) N B(X;, 5%) # 0},

we have that I; contains at most 16 distinct indices.

Proof. The idea of this proof is adapted from [I7].
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Let i € {1,...,N} be fixed. Without restriction we may assume that ¢ = 1 and X; = 0. For arbitrary

j € T we have that B(X}, 55) N B(0, 55 ) # 0. This entails that |X;| <3/N and B(X;,+) C B(0, ). As the

B(X;, +) are disjoint by assumption, we have then:

PN
47
Wﬂﬂ = | U B(Xj, %) <|B(0, &)
J€LL

47

< ——16.
= 3N3
This completes the proof. O

We proceed with Lemma that we recall with the notations of Section
Lemma A.2. Giveni € {1,...,N}, there exists w; € D(R3) satisfying

(A1) w; =V; on By and w; =0 on B; for j #1,
(A.2) Supp(w;) C B(X;, %),

|Vi|? Lix, x;1< 3
(A.3) ||Vwi||%2(R3) <C ]i[ 14+ —2N2 ,

X - X -
for a universal constant C.
The remainder of this section is devoted to the proof of this result. Without loss of generality, we assume
that 4 = 1 and X; = 0. We look for wy of the form:
(A.4) wy(x) = (Nx), VaecR3

To define the constraints to be satisfied by w;, we introduce notations for the shape of the fluid domain after
dilation. Namely, we denote:

X, = NX,, B; = B(NX;,1), Yi=1,...,N.
In particular, B; = B(0,1). We want now to construct @, € D(R3) such that:
(A.5) w; = Vi on By and w1:00nBj forj>1,
(A.6) Supp(un) C B(0, 3),

A natural candidate for w; is obtained by focusing on (A.6). Indeed, introducing a truncation function
Xo € C*°(R) which satisfies:

o[ i<y,
XoW' =90 ift>1+ ho,
with hg € (0,1/2) to be fixed later on, we may set:

Vixex

a0 = 5 [L 2 (o).

This candidate satisfies indeed 1y o € D(R?) with
W10 = Vi on By, Supp(i1,0) C B(0,1+ ho) C B(0,3),

However, it does not take into account the balls that are too close to B;. To match the further condition on
these balls, we modify our candidate.

For this, let fix j € {1,...,N}. To describe the geometry between By and Bj we introduce a system of
coordinates (z1, 2, x3) such that 3 corresponds to the coordinates directed along ez = X;/|X;|. The associated
cylindrical coordinates read:

1
r=\/z3+23, e = 72(1'1,1'2,0), Y (21,22, 23) € R®\ {23 = 0}.

x? + 23
We remark that, in these coordinates, close to (0,0,1) the boundary dB; is the graph of the function (zy,z3) —

w(y/x3 + x3) where:
Ww(r)=v1-—r2, Vre(0,1).

Furthermore, denoting by h; = dist(By, Bj), we have also that close to (0,0,1+ h;), the boundary 8Bj is the
graph of the function (z1,z2) — v:(\/7? + z3) where:

Y(r)=2+h; —1—-1r2, Vre(0,1).
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Given § > 0 we set, in these cylindrical coordinate:
&;[0] := {(z1,22,73) € R* s.t. 7€ (0,0) and 23 € (v(r), v (7))},
2,[6] == {(z1, 20, 23) €R® s.t. 7€ (6/2,6) and z3 € (1(7), 1(5/2))}.
These notations are illustrated by Figure [I}

FIGURE 1. Notations 2;[d] and €;[4]
On the left a typical configuration is presented (in 2D). The gray zone corresponds to
the set €;[6]. On the right is a zoom on €;[0] where the subset 2;[d] appears in the red
color. We emphasize that the 3D geometry is obtained by revolution around the axis of
the figure so that 2;[d] is indeed connected.

We note that, whatever the value of 6 € (0, 1) we have that €;[d] and 2,;[] are Lipschitz, and that 2;[6] C €;[d].
We have also the following technical property:

Proposition A.3. There exists hmaqe € (0,1/2) and § € (0,1/2) such that, if hj < hpae the following holds
true:

i) €[] € B(0,3),
i) €[0] C R3\ Uiy, Bs,
4i) for arbitrary j' # j such that hj < hpag, there holds €;[60] N € [6g).

Proof. We compute restrictions on the values for dg and A4, in order to fulfill the three conditions i), i) and
1i7). This will yield an open set of admissible values for 6y and Aqz-

For the proof, we only give two draws which explain where the restrictions come from. Let j € {1,...,N}
such that dist(Bl, B, i) =1 hj < M. In Flgure we illustrate that there exists a ball V; centered in le (the
unique point in the closure of B; realizing the distance between By and Bj) such that €;[6] (in blue on the
figure) is contained in V; (empty (31rcle on the figure). The radius rg of this nelghborhood is controlled by hpaq
and 4. In particular, for himaz and 6 sufficiently small we have B(X;1,79) C B(0,1 + hsmae + 10) C B(0,3/2)
and 1) is realized.

Second, we illustrate with Flgure that given another partlcle B]/, the distance between B i and the segment
[X LX; ;] joining the centers of B; and B is minimal when B ./ is in simultaneous contact with By and B (several
configurations are provided in red, the optimal one is the most opaque one). The minimal distance rﬁizn
Bjr and [X LX ;] is then a decreasing function of h; vanishing when h; = 2(v/3 —1). The minimal distance rU+J )
between the point X1 (the point in the closure of Bj/ realizing the distance with Bl) and X is also realized
with this configuration. It is then a continuous function of h; which converges to 1 when h; — 0. So, with the

between
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FIGURE 2. Construction of a neighborhood of X;; containing €;.

notations of the proof, for hi,qe and dp small we have that rg < rfflzn and 2ry < r(7") so that ii) and iii) hold
true.

O

With the proposition above, we can now fix A4z, dp sufficiently small so that the conclusion of the proposition
above holds true. Associated with dg we set:

2
52 5o l?
ho= |2+ [2—4/1—|2

-1
4 2

If necessary, we restrict the size of §y so that hg < min(1/2, huas). Associated with g, we introduce:
T = {j € {2,... N} st. dist(By, B;) < hmam} ,
We note that, by construction, we do have hg > 0 and that:

o since hg < Rpqz, W1,0 vanishes on B; for i ¢ J.

e for j € J, xo vanishes on 9¢; N Bj at a distance larger than dp/2 from the axis Res.

Furthermore, the (€;);c s are disjoint and do not intersect the (B;);=1,...n. So, in what follows, we construct
w1 on the (€;),cs. We shall then extend w; by 1,9 on the remaining fluid domain and by the expected values
on the (Bi)i=1,...,N-

Let j € J and make precise w; = (wl)kj. We decompose w; = w§»1) - w§»2). For w§1), we set:

() =V x E>< x—e T —%(T)_Z — Go(r x Exaz
wP0) =¥ x |4 x - ) )P (D) 4 (- ol
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FIGURE 3. Minimizing configuration

where P(t) = (3t* — 2t) for t € R and (o € C*(R) is a truncation function such that:

1 ift < 6y/2,
Co(t) = .
0 if ¢ > 380/4.

Clearly, we have that 'w;»l) e C>® (C_J) is divergence-free. Expanding the curl operator, we obtain:

0 if £ € 0¢; NOB; (i.e.z = v (r)),
!
(A7) wg,l)(x) ={ i- COT(T)(Vl X e3) X e, ifx€dC;NAB; (i.e. z=y(r)),
wl’o(I) if x € 8@:3 \ (831 U 8BJ> (26 r= 5)

All these identities derive from the choices for xo, (o and P. To obtain the first of these identities, it is worth
noting that, with our choice for hg, dy the function = — (1 — {o(r))x0(r) vanishes on 9B; N IEC;.

Finally, we obtain that there exists a constant Cyq, depending only on (hmaq, d) such that:

C'maz“/l'2

(A.8) 190" e,y < =5

Indeed, away from the axis (i.e. on €; N {r > d§y/2}), wj(l) depends smoothly on the parameter h;. Hence, the

contribution to ||Vw§1) | z2 is bounded by C|V;|? where C is independent of h; and depends only on 8y, hmaz-
When r < d9/2, we have:

w (@) =V x | 3 x (x‘e?’)P(%z%%)}
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Explicit computations show that, the worst term in |Vw§1)| corresponds to two differentiations of the P-term
w.r.t. z, which we may bound by

1

Vi
Ozl < 5 e = el CGEETG)E

z—(r) _
0. (220 < el +1: - o))

Remarking that |z — 7,(0)| < C|h; + 7| on €;, we derive
% |h; +rf?rd
/ |Vw](-1)(x)|2dx < C|V1|2/ |J+—T|T7’3
¢;N{r<do/2} o (1(r) =m(r)

Combining then that v;(r) —y,(r) > hj 4+ cr? on (0, dp) for some ¢ > 0 (since dp < 1/2) and a change of variable

r = v/h;s in the integral, we obtain (A-8). More details on these computations can be found in [15].
In order that w; fits the right boundary condition on 9By, we add a corrector w'? that compensate the error

J
term that appears on the second line of , namely:
Go(r) Go(r)

r
wj(z) = 5 Vi X es] X e. = T(Vl - er)es,

To construct wj(?), we note that wj is smooth and has compact support in oA; N OB, . Hence, we may extend w

by 0 on 92, \ dB;. We obtain then a vector field wj € C°°(0%;) such that, by symmetry:

/ w;‘ondaz/ wj(z) -ndo =0
8Qlj 8Qlj ﬂaél

Since, there exists a Bogovskii operator on the Lipschitz domain 2/, we construct wj(?) eH I(Qlj) such that:

(A.9) div w§-2) =01in 2; w]@) = wj on 0%;.
and such that:
2 *
1S a1 a1y < Cllws sz om, -

We note here that all the 2; are isometric so that this last constant C is fixed by the values of dy only and does
not depend on j. Hence, there exists Cj,q, depending only on dy for which:

(A.10) 1S | i1 21,y < Comaa Vi

We note also that, on 02;, w} vanishes outside 02; N OBy so that we may extend it by 0 on ¢; \ 2;. We keep

the same notations for simplicity. This yields a divergence-free vector-field w§2) € H'(¢;) defined on €¢;.
By combination, it is then straightforward that w; = w;l) - wj(?) € H'(¢;) satisfies:

i) divw; =0 on €;
1) the following boundary conditions on 0¢;:
0 if 2 € 0¢; N OB,
wj(z) = Vi ifr €9¢;N0B;

’wLo(m) ifx e 8¢j \ (831 U 8Bj)

ii1) the bounds (with a constant C,, 4, depending only on dg, Apaz):
Vo s ) < Conaal VAP 14 -
IV e,y < CmaslVil? 14 5.

In particular, the above construction of w; on €; for fixed j € J, satisfies the right boundary conditions in
order to extend it by w; ¢ on the remaining fluid domain. So, we set:

Vi ifreB
wi(z) ifred;jed
0 ifreBj,j#l
wyo(z) else.

Combining (A.7)-(A.9) we obtain that w; € H*(R?) is divergence-free and satisfies the required conditions on
the obstacles (B;)i=1,....n. Furthermore, combining (A.7))-(A.10]), we obtain a constant Cy,e, depending only on

(A.11) Wy (z) =
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00, hmae such that:

1|X,-|<5/2

N

) 1
IV lgeqes) < Cmeel Vil (143 5 | < ConaelVl* [ 14> 7220
>R

jeg j=2
The associated vector-field w; (via the scaling (A.4])) satisfies then all the requirements of Lemma
APPENDIX B. ANALYSIS OF THE CELL PROBLEM
In this appendix, we fix (N, M, \) € (N'\ {0})? x (0,0), and a divergence-free w € C2°(R3). We denote T

an open cube of width A and B; = B(X;, %) C T fori=1,...,M. We assume further that there exists d,,
satisfying

4
(B.1) Z:r117111r1 {dist(Xi,aT),I]n;IilﬂXi - Xj|)} >dpy, > N
We consider the Stokes problem:
M
—Au+Vp = 0, . . -
(B.2) { dve — 0. m]—'—T\L_JlBZ,

completed with boundary conditions
{ u(zr) = w(x), inB;,Vi=1,...,M,

(B-3) u(z) = 0, on 0T .

Assumption (B.1)) entails that the B; do not intersect and do not meet the boundary 97 So, the set T\ U£1 B;
has a Lipschitz boundary that one can decompose in M + 1 connected components corresponding to 97 and
0B; fori=1,..., M.

For any ¢ =1,..., M, direct computations show that:

/ w-ndcr:/ divw = 0.

i

Hence, the problem (B.2))-(B.3) is solved by applying [I4, Theorem 3] and it admits a unique generalized solution
u € HY(F). We want to compare this solution with:

M
us(z) = Z GN [w(X)|(z — X),

where, for arbitrary v € R3, GN[v] is the unique vector-field that can be associated to a pressure P [v] in order
to form a pair solution to the Stokes problem outside the unit ball. Explicit formulas for these solutions can be
found in standard textbooks:

1 (3 1 3 (1 L NCAL
N e — _— T 112
(B.4) G ol(x) = AN <m| + N2m|3> UTIN <|$| N2|$|3> [
3 vz
N R At
(B.5) P o)(z) = 2N 23

The main result of this appendix section reads:

Proposition B.1. There exists a constant K independent of (N, M,d,,,w,\) for which:

M 1 M
[(w = ws)l[Lor) + IV(u = us)l|lL27) < K[”w”c’mlﬂ(T) + ”vw”LG(T)] Vo <\/]V + dm> .

Proof. We split the error term into two pieces. First, we reduce the boundary conditions of the Stokes problem
— to constant boundary conditions. Then, we compare the solution to the Stokes problem with constant
boundary conditions to the combination of Stokeslets us. In the whole proof, the symbol < is used when the
implicit constant in the written inequality does not depend on N, M, d,,,w and A.

So, we introduce u. the unique generalized solution to the Stokes problem on F with boundary conditions:

(B.6) . = w(X;), nB;,Vi=1,...,M,
’ u. = 0, on 0T .
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Again, existence and uniqueness of this velocity-field holds by applying [14, Theorem 3]. We split then:

I —ullzsry < Ilw—we)llzoer) + e — ugllzocr
IV = w)llzemy < IV = wo)llzagm) + 19 (e — )l o)

To control the first term on the right-hand sides, we note that (u — w.) is the unique generalized solution to the
Stokes problem on F with boundary conditions:

{(u—uc)(m) = w@)—wX;), inB,Vi=1,...,M,
(u—wue)(z) = 0, on OT .

Hence, by the variational characterization of Theorem IV (u— ue)||2(F) realizes the minimum of || V|| 2z
amongst

{@ € H'(F) st divio=0, @), =0, i), = w() —w(X), Vi=1,..., M} .

We construct thus a suitable @ in this space. We set:
M
W= 1
i=1
with, fori=1,..., M :

= (XN = X (w() = w(X) - B, 4

1y N ?

[ (w(z) — w(X;)) - VN (x — Xl)D .

2

In this definition x” is again chosen truncation function that between B(0, ;) and B(0, % ). We assume further
that xV is obtained from y! by dilation. The operator %X 1 2 denotes the Bogovskii operator on the annulus
i NN

1 2 9 =1
2= B3\ B0 3

The properties of this operator are analyzed in [14, Appendix A] (though these results are nowadays classical
and can also be found in [I] for instance). It is straightforward to verify that the mean of z — (w(z) — w(Xj;)) -
V" (z — X;) vanishes so that the above vector-field @; is well-defined. We note that @; has support in B(X;, 2 )
so that, as d,, > 4/N, the @; have disjoint supports inside T. This yields that @ is indeed divergence-free and
fits the required boundary conditions. Furthermore, there holds:

A(X

2

M
IV r2r) < D I1V@l720x,, 29
=1

For ¢ € {1,..., M} we have by direct computations:

w2,
VXV (= X) (@0 = w XD Fepo v 2y S s

[
NG = XDV @) = w XD e xnzy S —rm

and, by applying [I4, Lemma 16]:

IVBxy 1,z [20 (w(z) —w(Xi) - VX (z - X3)] ||2L2(BOO(X¢,%))
S e (@) = w(X0) VXN (@ X)) 2 5x, 2
< ||wHéo,1/2(T)
~ N2 *

Gathering all these inequalities in the computation of w yields finally:

7 + 1,
IVl S m"W"CO=1/2<T>N leollwrocr)

The variational characterization of generalized solutions to Stokes problems entails that we have the same bound
for (u — u.). At this point, we argue that the straightforward extension of u and u. (by w and w(X;) on the B;
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respectively) satisfy (u —u.) € H(T) € L°(T) so that

IN

|u = uellzoery S NIV (= ue)|lL2()

ool :
wlliysy |
S (V(u_u0)||2L2(]-')+M]VQ

< \/M”wlcoJ/Z(T); ||w||leG(T).

We emphasize that, by a scaling argument, the constant deriving from the embedding H}(T') C L5(T) does not
depend on A so that it is not significant to our problem.

lw — el Lo (F)

We turn to estimating u. — us. Due to the linearity of the Stokes equations, we split

M
Ue = Z Uc,i,
i=1
where u.; is the generalized solution to the Stokes problem on F with boundary conditions:
{ Uc,i = ’LU()(Z')7 on 8Bi,

Uei = 0, on 8TUUj¢i aB] .

We have then
M

(B.7) IV (e = us)llz2r) < DIV (e — G [w(X)](- = X)) |22
i=1
Similarly, we expand :
M
Us = Z G;, where G;(z) = GN[w(X;)](z — X;), Vo eR3
i=1

For i € {1,..., M} we extend u.; by 0 on R\ T and Bj for j # i. The extension we still denote by u, ;
satisfies u.; € H'(R?\ B;) and is divergence-free. In particular, we have u.; € D(R3\ B;). Consequently,
ue; — Gi € D(R3\ B;) and:

IN

19 s — G2 / | Vs - VG
R3\B;

/ \Vuc,i|2 — 2/ Vuc,i : VGl +/ |VG1|2
R3\E R3\B; ]R"’\E

To compute the product term, we apply that u.; and G; = G [w(X;)](- — X;) have the same trace on dB; and
that U; is a generalized solution to the Stokes problem on R?\ B;. So, integrals of the form fn@\? VG, : Vw

(for w € D(R?\ B;)) depend only on the trace of w on dB;. This entails that:

/ V’ucﬂ; . VGl = |VG7,|2,
R3\B; R3\B;

2 —/ VG2
R3\B;

IN

and we have:

(B.8) IV (s — Gi) 2 < / Ve
R3\B;

To conclude, we find a bound from above for

/ |Vum-(x)\2dx:/ \Vuc,i(x)|2dx.
R3\B; F

As u.,; is a generalized solution to a Stokes problem on F, this can be done by constructing a divergence-free w;
satisfying the same boundary condition as u. ;. We define:

Wi = Xd,,/a(- — Xi)Gi — DB, dm dp [# = Gi(x) - VXa,, ja(z — X3)]

where xg,, /4 truncates between B(0,d,,/4) and B(0,d,,/2). As previously, we have here a divergence-free
function which satisfies the right boundary conditions because xg4,, /4(- — X;) = 1 on B; (since d,,/4 > 1/N) and
vanishes on all the other boundaries of OF (since the distance between one hole center and the other holes or 9T
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is larger than d,, — 1/N > d,,/2). Again, similarly as in the computation of w; we apply the properties of the
Bogovskii operator By 4, 4, and there exists an absolute constant K for which:
iy 4 192

V@2 ) < / il — X)VGP
R3\B;

LK / VG () + [Vxa,,ja(z — Xi) © Gaa)dz |
A, 4, 4
As we have the same bound for u.;, we plug the right-hand side above into (B.8)) and get:

19 e — Go) o < /

B ) VG (z)|*dx + / IVXa,,/a(x — Xi) ® Gi(z)]2dx.

A(Xy, dp )
With the explicit decay properties for G; (see (B.4))) and Vxg,, /4 we derive:

X ]z
VGi(x)*dz + / VXd,,/4(z — Xi) @ Gi()Pdz < :
/R3\B(Xi, dm | A(X;, % 4 / | N2dp,

4

Combining these bounds for i = 1,..., M in (B.7) we get:
Mllw|| e (1)
V(ue — ug < — 7

By similar arguments, we also have:

M

||7-Lc - UsHLG(]-') = Huc - USHLG(T) < Z ||Uc,i - Gi”LWR"’\E)'

i=1
As u.;,G; € D(R*\ B;) and u,;, G; share the same value on dB;, there holds u.; — G; € Do(R?\ B;) and we
may use the classical inequality (see [10} (I1.6.9)]):

Huc,i - Gi”LG(RB\E) 5 ||vuc,i - VGi‘lLZ(RB\E) ) Vi= L... M7
(again the constant arising from this embedding does not depend on N by a standard scaling argument). This
yields again the bound:
< Mllwllz~r)

||(uc - US)HLG(]-') = Nm

Finally, combining the error terms between u. and us and between u and u. we obtain

M 1 M
= us)llzocr) + IV (= u)liar) < Ky 5 (m + \/Ndm> [lwllcosaqr + 190l oy

This ends the proof. |

We note that, when we apply Proposition [B:I]in this article, we will choose M > 1 and d,, that has to be

small. In that case we have that
1 M

— <2
VN =V Ndy,’
and the result of Proposition reads:

M
(= w)lzocm) + 190w = ullzar) < K [[wlgosszry + V@l | T

APPENDIX C. ANALYSIS OF SOME CONSTANTS

In this section, we consider the problem of finding constants for the Poincaré-Wirtinger inequality and the
Bogovskii operator on a cubic annulus A(0,1 — 1/§,1) :=] — 1, 1[*\[-(1 — 1/§),1 — 1/6]>. In both proofs, we
proceed by change of variables (since only the asymptotics of the constant when § — oo is needed). For this, we
fix § > 2. We introduce a odd strictly increasing application ys € C%([—1,1]) such that

X5([071/2]) - [07171/5]7 X«S(l) =1L
For this, we introduce an even ¢ € C°°(R) such that:

114174 S C< 1172179
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We fix a constant k to be chosen later on and we define x5 as the interpolation between 2(1 —1/6§) on [0,1/2]
and k on [1/2 4+ 1/6,1] that we integrate from ¢ = 0. This means:

Xo(o) = [ 201=1/5)0(6s = 1/2)1) + (1 = (6 = 1/2) )0
With this choice, we fix k so that x5(1) = 1 yielding:

b L2201 -1/8) [ €05 = 1/2)0ds _ 1=2(1=1/9)(1/2+ Jy"* ¢(@s)ds) _ (5):
Jo (1= ¢(3(s = 1/2)+)ds Jo (1 = ¢(65))ds

)
We emphasize that, due to our choice for ¢, we have fol ¢(s)ds < 1/2. This entails that we have also k£ > 0 and
Xs is indeed strictly increasing.

Consequently, we have that:

e s realizes a C*-diffeomorphism from [—1,1] to [—1, 1] such that xs([—1/2,1/2]) = [-(1 —1/4),1—1/4],
® 1/6 < xs5(y) < 2 and xj(y) < 6 for any y € [-1,1].

We introduce o5 its converse mapping. It satisfies:

o as([=(1— 1/6),1— 1/8]) = [-1/2,1/2],
e 1/2 < oj(x) <& and of(z) < 0% for any z € [—1,1].

Finally, we denote X5 and Ys the corresponding C2-diffeomorphisms between A(0,1/2,1) and A(0,1—1/§,1) :

X5: A(0,1/2,1) — A(0,1—1/6,1) Ys: A(0,1-1/61) — A(0,1/2,1)
(W1,y2,93) > (Xo (1), xs(y2); xs(y3))) (x1,22,23) > (06(21),05(22),05(23)))

We start with the Poincaré-Wirtinger inequality. Our main result reads:

Proposition C.1. There holds Cpw[0] < 6. Namely, given f € L3(A(0,1—1/6,1)) N H*(A(0,1—1/5,1)), we
have:

C. *de < 6° Vf(z)[da.
(1) Loy fAz 58 [ V(@) dr

A(0,1-1/6,1)
Proof. We fix f € L3(A(0,1—1/4,1)) N H'(A(0,1 —1/6,1)) and, with the previous notations, let us consider:

Fy) = F(Xs(y) 74 Foo VyeA®0.1/2,1),

with

Fr= [ )
A(0,1/2,1)
Standard computations show that f € L2(A(0,1/2,1)) N H'(A(0,1/2,1)) so that, by the Poincaré-Wirtinger

inequality we have:
[ Py [ vl
A(0,1/2,1) A(0,1/2,1)
Conversely, there holds:
fo) = Fe) + § 7. Ve e A@1-1/51)

Hence, because f is mean-free on A(0,1 — 1/, 1), there holds:

2
2 2 r
/A e TP < /A ey TR 101720 [ f f}

< /A(m_l/&l) f(x) —ff2

dz
< / F(Ys(x)Pde
A(0,1—1/5,1)
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We can then transform the geometry to go back in the A(0,1/2,1) and apply the previous inequalities on o :

3 3
1 _
flz)Pdx < max / Fs@) P ob(z)da;
/A(0,1—1/5,1)| @)l };[1116[071] os(;) A(0,1—1/5,1)| ( )| H o)
s[ o JfwPdy
A(0,1/2,1)

< / IV Fy) Pdy.
A(0,1/2,1)

At this point, we compute V f with respect to V f and apply the previous inequalities on xj:

S 2
/,4(0,1/2,1) Vitwldy 5/ ZX5 vi)*10: f(Xs(y)*dy

A0,1/2,1)

3
X:S(yi) 2 ’
S = 10i f(Xs( X5 (y5)dy;
/A(O)m; T vt /s Tt
=2 1 f(2)lde.
A(0,1—1/6,1)
This ends the proof. O

Finally, we consider the Bogovskii operator on the annulus:

Proposition C.2. There holds Cys[6] < 6°/2. Namely, given f € L3(A(0,1—1/8,1)) there exists u € H(A(0,1—
1/6,1)) such that

divu = f on A(0,1—1/4,1)
HVU”LZ(A(Ol 1/8,1)) ~ < 692 ||fHL2(A(o1 1/5,1))

Proof. We provide a proof by change of variable as for the previous proposition. Given f € L3(A(0,1 —1/4,1))
we define

3
= ng(yl)f(Xﬁ(y))v VyeA(O, 1/271)

Straightforward computations show that f € LZ(A(0,1/2,1)). Consequently, there exists @ € Hg(A(0,1/2,1))
such that:

diva = f on A(0,1/2,1)
IVl 2ao1/2,1)) S I1Flle2caa/2.1)-
We set then:
u(@) = [ [ o5z (Ys(x)) Voe A,1-1/6,1).
S i=1,2,3
Since o§(x¢)X5(05(x¢)) = 1, we may expand the divergence to prove:
divu(z) = f(z), Vze A0,1-1/41).

It is straightforward that v = 0 on the boundaries of A(0,1 —1/4,1), and we are left with computing the size of
its gradient. We note that (introducing Kron the Kronecker symbol)

Ojui() = o(ay) | T] ot | By (¥a(a)) + (1~ Kronlj, oy (ay) | [T ohtare)| a(¥a(e)):
0F#i 0F#i,j

Consequently:

:w

/ il S [ (54 05 (Vo I? + 6%l (Vs P) T o)
A(0,1—1/5,1) A(0,1—1/6,1)

€=1

S [ 0y + i) Pldy.
A(0,1/2,1)
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Here we apply the classical Poincaré inequality in Hg(A(0,1/2,1)) and the definition of 4, which yields

/ Oyus(2)2 < / 1 (y)[2dy.
A(0,1-1/5,1) A(0,1/2,1)

We end up by dominating the right-hand side w.r.t. f recalling the bound above for xj :

[1]
2]

3

[4]

[5

6

7

8

[9)

(10]

(11]
(12]
(13]
[14]
(15]
(16]
(17]
(18]
(19]
20]
21]
(22]
23]

[24]

3

3
/A ey HOP = /A ) AR | RS

(0,1/2,1) ;5

< / (@) 2de.
A(0,1—1/5,1)
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